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Abstract
We prove that every semisimple Hopf algebra of dimension less
than 60 over an algebraically closed field k of characteristic zero is
either upper or lower semisolvable up to a cocycle twist.
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Introduction and Main Results
In recent papers several notions and results from the theory of finite
groups have been generalized or adapted to the context of (semisim-
ple) Hopf algebras. Simultaneously, many results on the classification
of semisimple Hopf algebras have also appeared. Some conjectural
analogies, such as Kaplansky’s conjecture about the dimensions of the
irreducible modules, still remain an open problem.
Let H be a finite dimensional Hopf algebra over a field k. A Hopf
subalgebra A ⊆ H is called normal if h1AS(h2) ⊆ A, for all h ∈ H . If
H does not contain proper normal Hopf subalgebras then it is called
simple.
If A ⊆ H is a normal Hopf subalgebra then the structure of H can
be reconstructed from A and the quotient Hopf algebra H = H/HA+;
more precisely, it is known that in this case H is isomorphic to a bi-
crossed product H ≃ A#ρ,τ⇀,σH, where (⇀,σ, ρ, τ) is a compatible da-
tum; see for instance [A, M, M10]. This fact implies that, when trying
to classify Hopf algebras of a given finite dimension, it is an important
problem to decide whether the Hopf algebra is simple or not.
We shall assume from now on that the field k is algebraically closed
of characteristic zero.
We say that a finite dimensional Hopf algebra H is trivial if it is
isomorphic to a group algebra or to a dual group algebra. Then, H is
trivial if and only if it is commutative or cocommutative.
The notions of upper and lower semisolvability for finite-dimensional
Hopf algebras have been introduced in [MW], as generalizations of the
notion of solvability for finite groups. By definition, H is called lower
semisolvable if there exists a chain of Hopf subalgebras Hn+1 = k ⊆
Hn ⊆ · · · ⊆ H1 = H such that Hi+1 is a normal Hopf subalgebra of
Hi, for all i, and all factors H i := Hi+1/Hi+1H
+
i are trivial. Dually,
H is called upper semisolvable if there exists a chain of quotient Hopf
algebras H(0) = H → H(1) → · · · → H(n) = k such that each of the
maps H(i−1) → H(i) is normal, and all factors Hi := H
coπi
(i−1) are trivial;
here, Hcoπi(i−1) is the space of coinvariants of the map πi, see Section 1.3.
1
2 INTRODUCTION AND MAIN RESULTS
We have that H is upper semisolvable if and only if H∗ is lower
semisolvable [MW]. If this is the case, then H can be obtained from
group algebras and their duals by means of (a finite number of) exten-
sions; in particular, H is semisimple.
The smallest non-solvable group is the simple alternating group A5
of order 60. It is thus natural to ask if an analogous statement is true
for semisimple Hopf algebras. A version of the following question was
posed by S. Montgomery in [Mo1, Question, pp. 269].
Question 1. Let H be a semisimple Hopf algebra of dimension less
than 60. Is H necessarily upper or lower semisolvable?
Let H be a semisimple Hopf algebra over k. If dimH = pn, where p
is a prime number, then H has a nontrivial central group-like element
[M6]; inductively, one can see that H is both upper and lower semi-
solvable [MW]. Also, if dimH = pq2, where p 6= q are prime numbers,
then it was shown in [N, N2, N3] that, under the assumption that H
and H∗ are both of Frobenius type, either H or H∗ contains a nontriv-
ial central group-like element. This implies that these Hopf algebras
are also semisolvable, since semisimple Hopf algebras of dimension p,
pq and q2 are trivial. In [N3] we showed that all semisimple Hopf al-
gebras of dimension pq2 < 100 are of Frobenius type (some instances
of this fact, e.g., dimension 44, appeared in [K2]); so that these are all
semisolvable.
However, not every nontrivial semisimple Hopf algebra H is semi-
solvable. An example of a simple nontrivial semisimple Hopf algebra
H of dimension 60 and was constructed by D. Nikshych in [Nk]: in
this case H is a cocycle twist of the group algebra of the simple group
A5. Moreover, it was shown in [Nk] that if G is a finite simple group
and φ ∈ kG ⊗ kG is a nontrivial invertible pseudo 2-cocycle, then the
twisted group algebra (kG)φ is a nontrivial semisimple Hopf algebra,
which is simple as a Hopf algebra.
The smallest example of a semisimple Hopf algebra which is not
semisolvable is a cocycle twist of a group of order 36 [GN]. So the
answer to Question 1 is negative, and it can only be expected to be
affirmative up to a cocycle twist. The dimensions where the problem
remains open are 24, 30, 36, 40, 42, 48, 54 and 56. We refer the reader
to [A2, Mo1] for an account of previous results on the problem of
classification.
We also point out that, in the related context of Kac algebras,
several classification results in low dimension were obtained by Izumi
and Kosaki in their work [IK]; in that paper, the authors classify all
Kac algebras of dimensions 16, 24, pq2 < 60 and pqr < 60.
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Our main result is the following theorem, giving an affirmative an-
swer to Question 1 up to cocycle twists.
Theorem 1. Let H be a semisimple Hopf algebra of dimension
< 60. Then H is either upper or lower semisolvable up to a cocycle
twist.
We prove that a semisimple Hopf algebra of dimension 24, 30, 40,
42, 48, 54 or 56 is not simple, and moreover, in dimension 36 the only
simple example is a twisting of a finite group. This is equivalent to
the statement in the theorem, in view of previous results. Indeed, if
H is a nontrivial semisimple Hopf algebra of dimension < 60, then the
following are equivalent (see [N4]):
• H is not simple;
• H is either upper or lower semisolvable.
Our approach to the problem is the following: for each fixed dimen-
sion, we first consider the possible algebra and coalgebra decomposi-
tions (which turn out to be of Frobenius type). Then, for each possible
type, we derive the existence of proper normal Hopf subalgebras.
In order to do this, we discuss some general result on semisimple
Hopf algebras. Many of these results are new. We discuss some prop-
erties of irreducible characters of low degree which allow, in most cases,
to prove the existence of quotient Hopf algebras or Hopf subalgebras,
for each fixed algebra or coalgebra structure, respectively. One of the
main tools for this is the use of the Nichols-Richmond theorem on ir-
reducible characters of degree 2 [NR] and some of its consequences,
which we develope in Chapter 2.
Using the character theory of H , we get a general result on Hopf
subalgebras with index 3, which is often of use in low dimensions. See
Theorem 2.5.1.
In Chapter 3 we consider an inclusion A ⊆ H of semisimple Hopf
algebras. We show that if C is a simple subcoalgebra of H such that
Ca ⊆ C, for all a ∈ A, then the dual of the quotient coalgebra C/CA+
and the crossed product Aα, where α : A⊗A→ k is a certain 2-cocycle,
constitute a commuting pair in C∗.
This relates the corepresentation theory of C/CA+ with the repre-
sentation theory of the Galois object Aα of A. Applied in combination
with Masuoka’s main result in [M5] on deformations of cosemisim-
ple Hopf algebras, the result allows us to prove that some coalgebra
decompositions are impossible. The result is also useful to get some
information on the structure of the Hopf subalgebra A, especially when
A is a group algebra; see Section 3.4.
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We also discuss braided Hopf algebras in relation with the Radford-
Majid biproduct construction; see Chapter 4. It often happens, mainly
because of the ’self-dual’ nature of the assumption of simplicity, that
if a given semisimple Hopf algebra H is simple, then H must have the
structure of a biproduct H = R#A, where A is a semisimple Hopf
subalgebra. We get several results on existence of proper (normal)
Hopf subalgebras in biproducts; in particular, we give such a result in
Corollary 4.3.4 for the case where A is not cocommutative of dimension
p3, p a prime number.
Let p 6= q be prime numbers. We describe the known families in
dimension pq2 as cocycle twists of group algebras; we also prove that
other families cannot be obtained in this fashion. See Chapter 5.
The classification of semisimple Hopf algebras of dimension pqr,
where p, q and r are distinct prime numbers, was given in [N] under
the assumption that H admits an extension with commutative ’kernel’
and cocommutative ’cokernel’ (a so called abelian extension).
In this paper we also prove that semisimple Hopf algebras of di-
mension 30 and 42 admit abelian extensions. This allows us to give
the complete classification of semisimple Hopf algebras of these dimen-
sions. We obtain the following theorems. See Chapters 7, 10.
Theorem 2. Let H be a semisimple Hopf algebra of dimension 30
over k. Then H is isomorphic to a group algebra kG or to a dual group
algebra kG, where G is a group of order 30.
The known nontrivial examples in dimension 42 were constructed in
[AN]: these are denoted A7(2, 3) and A7(3, 2) ≃ A7(2, 3)
∗. We prove
in this paper the following result.
Theorem 3. Let H be a nontrivial semisimple Hopf algebra of
dimension 42 over k. Then H is isomorphic to one of the Hopf algebras
A7(2, 3) or A7(3, 2).
In Table 1 we resume some known facts about the classification of
semisimple Hopf algebras of dimension less than 60. In the first col-
umn, p, q and r are distinct prime numbers. The table is organized
as follows: the first column indicates the factorizations of the dimen-
sions ≤ 60 in terms of prime numbers; the second and third column
contain the references where nontrivial examples were constructed and
where the classification was given, respectively. The fourth column
gives additional information for each specific type.
We include an appendix where we describe the structure of the
Drinfeld doubles of the three non-commutative semisimple Hopf alge-
bras of dimension 8. Tambara and Yamagami show in [TY] that the
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dimH Nontrivial
examples
Classification Remarks
p – [Ka2, Z]. See also
[ZS].
H ≃ kZp.
p2 – [M7]. H ≃ kG, G abelian of order
p2
pq – [M4, EG, GW]. H ≃ kG, or kG. Other proofs
in [So, N].
p3 [KP] for dim 8.
[M7] for dim 27.
[M4, M7]. All semisolvable by
[M6, MW].
pq2 [F, G, M3, N]. [F] for dim 12,
[M3] for dim 18,
[N, N2, N3].
All semisolvable.
[IK, Chapter X] for Kac al-
gebras.
p4 (16) [K]. [K]. All semisolvable by
[M6, MW].
p3q (24, 40,
54, 56)
[IK] for dim 24. [IK, Chapter XIV]
for Kac algebras of
dim 24.
Semisolvable;
Chapters 6, 9, 12, 13.
pqr (30, 42) [AN] for dim 42. No
nontrivial example in
dim 30.
Chapters 7, 10. Abelian extensions in
dim pqr classified in [N].
[IK, Chapter X] for Kac al-
gebras.
p5 (32) Yes. – All semisolvable by
[M6, MW].
p2q2 (36) [EG4]; D(S3);
(kD3 × D3)φ simple
[GN]; more.
– First non-semisolvable
example. Chapter 8.
p4q (48) Yes. – Semisolvable; Chapter 11
p2qr (60) (kA5)φ (simple) [Nk];
(kD3 × D5)φ (simple)
[GN].
– –
Table 1. Semisimple Hopf algebras of dimension ≤ 60
categories of representations of these three Hopf algebras are not equiv-
alent as monoidal categories. The results in this appendix have been
motivated by the paper [Mo3], where the Schur indicators for the three
Hopf algebras are compared: this gives evidence that the representa-
tion theory of H8 is in some sense closer to that of kD4 than to that of
kQ. Here, H8 denotes the unique nontrivial 8-dimensional semisimple
Hopf algebra over k [KP, M4], while D4 and Q denote, respectively,
the dihedral and quaternionic groups of order 8.
On the other hand, note that H8 is an extension of k
Z2×Z2 by kZ2,
such that the bicrossproduct group (Z2 × Z2) ⊲⊳ Z2 associated to the
matched pair of the extension is D4. As a consequence of [N5, The-
orem 1.3], we know that D(H8) is a cocycle twist of the Dijkgraaf-
Pasquier-Roche quasi-Hopf algebra Dω(D4), where ω ∈ H
3(D4, k
×)
is the 3-cocycle associated to the extension corresponding to H8 via
the Kac exact sequence [Ka]. We present more evidence of this facts
6 INTRODUCTION AND MAIN RESULTS
involving the Drinfeld doubles. More precisely, we prove on the one
hand that D(H8) has no quotient Hopf algebra isomorphic to kQ. We
also show that D(H8) is a (central) extension of k
G by kG, where
G = G(D(H8)
∗) ≃ Z2 × Z2 × Z2. See Theorems A.1.1, A.1.2.
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helpful remarks on a previous version of this paper, and the referee for
many valuable comments.
This research has been done during a postdoctoral stay at the De-
partment of Mathematics of the E´cole Normale Supe´rieure, Paris. The
author is grateful to Marc Rosso for his kind hospitality.
Conventions and Notation.
Throughout, k will denote an algebraically closed field of character-
istic zero. The symbols Hom, ⊗, etc., will mean Homk, ⊗k, etc. Our
references for the theory of Hopf algebras are [Mo, Sc]. The nota-
tion for Hopf algebras is standard; for instance, the group of group-like
elements in H is denoted by G(H). For an algebra A (respectively,
for a coalgebra C) the notation HomA (resp. Hom
C) is used to in-
dicate the Hom bifunctor in the category of (left) A-modules (resp.
C-comodules).
A Hopf algebra H is called semisimple (respectively, cosemisimple)
if it is semisimple as an algebra (respectively, if it is cosemisimple as a
coalgebra). Let H be a finite-dimensional Hopf algebra over k. By a
result of Larson and Radford, it is known that H is semisimple if and
only if H is cosemisimple, if and only if S2 = id. See [LR, LR2]. The
character algebra of H , denoted R(H), is the subalgebra of H∗ spanned
by the irreducible characters of H ; if H is semisimple, R(H) coincides
with the subalgebra of cocommutative elements in H∗.
Suppose H is finite dimensional. For a Hopf subalgebra A ⊆ H , the
index of A inH is defined by [H : A] :=
dimH
dimA
; it is an integer by [NZ].
Suppose q : H → B is a surjective Hopf algebra map, and identify B∗
with a Hopf subalgebra ofH∗ via q∗; by abuse of terminology, the index
[H∗ : B∗] will be also called the index of B in H .
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CHAPTER 1
Semisimple Hopf Algebras
Along this chapter, H will be a semisimple (thus finite-dimensional)
Hopf algebra over k.
1.1. Algebra structure
As an algebra, H is isomorphic to a direct product of full matrix
algebras
(1.1.1) H ≃ k(n) ×
∏
di>1
Mdi(k)
(ni),
where n = |G(H∗)|. It follows from the Nichols-Zoeller Theorem [NZ],
that n divides both dimH and nid
2
i , for all i. Moreover, by [NR] if
di = 2 for some i, then the dimension of H is even.
By [ZS], if n = 1, then {di : di > 1} has at least three elements.
Suppose that A ⊆ H is a Hopf subalgebra. Then A is also semisim-
ple. Assume that A is commutative. Then it follows from the Frobenius
Reciprocity that di ≤ [H : A], for all i. See [AN2, Corollary 3.9].
If H is as in (1.1.1) as an algebra, we shall say that H is of type
(1, n; d1, n1; . . . ; dr, nr) as an algebra. In this case, the dimension of the
character algebra of H is n+ n1 + · · ·+ nr.
If H∗ is of type (1, n; d1, n1; . . . ) as an algebra, we shall say that H
is of type (1, n; d1, n1; . . . ) as a coalgebra.
So that H is of type (1, n; d1, n1; . . . ; dr, nr) as a (co-)algebra if and
only if H has n non-isomorphic one-dimensional (co-)representations,
n1 non-isomorphic irreducible (co-)representations of degree d1, etc.
Sometimes, we shall use the notation Xd or Xd(H) to indicate the set
of irreducible characters of H of degree d.
Example 1.1.2. The above arguments can be used to get the pos-
sible algebra structures for a given finite dimension. For instance, sup-
pose that B is a semisimple Hopf algebra of dimension 60 such that
G(B∗) = 1. Then, as an algebra, B is of one of the following types:
(1, 1; 3, 2; 4, 1; 5, 1), (1, 1; 2, 4; 3, 2; 5, 1) or (1, 1; 2, 4; 3, 3; 4, 1).
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1.2. Irreducible characters
Let V be an H-module. The character of V is the element χ =
χV ∈ H
∗ defined by 〈χ, h〉 = TrV (h), h ∈ H . The degree of χ is the
integer degχ = χ(1) = dimV . If U is another H-module, we have
χV⊗U = χV χU , χV ∗ = S(χV ).
Thus the irreducible characters, i.e., the characters of the irreducible
H-modules, span a subalgebra R(H) ofH∗, called the character algebra
of H . The antipode induces an anti-algebra involution ∗ : R(H) →
R(H), χ 7→ χ∗ := S(χ). The degree defines an augmentation R(H)→
k.
We first resume some of the basic properties of R(H) that will be
often used in the rest of this paper. Proofs of these facts can be found
in [NR].
Let χV , χW ∈ R(H) be the characters of the H-modules V and
W , respectively. The integer m(χV , χW ) = dimHomH(V,W ) will be
called multiplicity of V in W . This extends to a bilinear form m :
R(H)× R(H)→ k.
Let Ĥ denote the set of irreducible characters of H . If χ ∈ R(H),
then we may write χ =
∑
µ∈Ĥ m(µ, χ)µ. Let χ, ψ and λ be characters
of H-modules; we have
(1.2.1) m(χ, ψλ) = m(ψ∗, λχ∗) = m(ψ, χλ∗).
Let χ be an irreducible character of H . Denote by G[χ] the sub-
group of G(H∗) consisting of all those elements g such that gχ = χ.
We have
(1.2.2) g ∈ G[χ] ⇐⇒ m(g, χχ∗) > 0 ⇐⇒ m(g, χχ∗) = 1.
See [NR, Theorem 10]. In particular,
(1.2.3) χχ∗ =
∑
g∈G[χ]
g +
∑
µ∈Ĥ,deg µ>1
m(µ, χχ∗)µ.
Note that G[χ∗] = {g ∈ G(H∗) : χg = χ}. Also, if a ∈ G(H∗), we have
G[χa] = G[χ], G[aχ] = aG[χ]a−1.
As a consequence of [NZ], we have that |G[χ]|/(degχ)2. Moreover,
it follows from the results in [M5, Section 2], that the order of any
element g ∈ G[χ] (hence also the exponent of G[χ]) divides degχ.
The following lemma will be applied later; see Lemma 12.1.1. It
serves here to illustrate the (mostly well-known) fact that not any al-
gebra type can arise as the structure of a semisimple Hopf algebra.
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Lemma 1.2.4. There is no semisimple Hopf algebra with algebra
type (1, 2; 2, 1; 4, m), m ≥ 1.
Proof. Suppose on the contrary that H is a semisimple Hopf alge-
bra with this algebra type. Let G(H∗) = {ǫ, g} and let χ be the unique
irreducible character of degree 2 of H ; so that we have gχ = χ = χg,
χ∗ = χ and χ2 = ǫ + g + χ. In particular, m(χ, ζχ) = m(ζ, χ2) = 0,
for all irreducible character ζ of degree 4. Then also m(χ, χζ) =
m(χ, ζ∗χ) = 0, for all such ζ .
Let deg ζ = 4 and write ζζ∗ = ǫ+g+nχ+λ, where λ is a character
of H such that m(χ, λ) = 0. By taking degrees, we get that n > 0
and n is odd. Since n = m(ζ, χζ), it follows that n = 1. Therefore,
χζ = ζ + ψ, where deg ψ = 4, ψ 6= ζ . Since m(χ, χζ) = 0, then ψ is
irreducible.
Then m(ǫ, χζψ∗) = m(ǫ, ψψ∗) = 1, and we have m(χ, ζψ∗) = 1.
Thus ζψ∗ = χ +
∑
l ψl, where deg ψl = 4. Taking degrees we get a
contradiction. This shows that this type is not possible. 
Let n ≥ 1. The group G(H∗)×G(H∗) acts on the set Xn via
(1.2.5) (g, h).χ = gχh−1, g, h ∈ G(H∗), χ ∈ Xp.
We have G[(g, h).χ] = gG[χ]g−1, for all g, h ∈ G(H∗), and for all χ.
Using this action we can get some information on the structure of
the group G(H∗). The following proposition gives an example of this
fact; see also the proof of Lemma 10.1.6.
Proposition 1.2.6. Let p < q be prime numbers. Suppose that
G(H∗) is nonabelian of order pq. Assume in addition that G[χ] 6= 1,
for all χ ∈ Xp. Then q
2 divides |Xp|.
Proof. We may assume that Xp 6= ∅. Let T ⊆ G(H
∗) be a sub-
group of order q. Consider the action (T × T ) × Xp → Xp obtained
by restriction of the action (1.2.5). We shall show that the stabilizer
(T × T )χ is trivial, for all χ ∈ Xp, which will imply the proposition.
Let g, h ∈ T , χ ∈ Xp, and suppose that (g, h).χ = gχh
−1 = χ.
Then G[χ] = G[(g, h).χ] = gG[χ]g−1. By assumption, G[χ] 6= 1, hence
|G[χ]| = p, because of the assumption |G(H∗)| = pq. Then g = 1;
otherwise, G[χ] would be a normal subgroup of order p in G(H∗),
implying that G(H∗) is abelian against the assumptions.
Hence we have (g, h).χ = χh−1 = χ, and h−1 ∈ G[χ∗]. Thus also
h = 1. This finishes the proof of the proposition. 
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1.3. Coinvariants of Hopf algebra maps
Let q : H → B be a Hopf algebra map and consider the subspaces
of coinvariants
Hco q = {h ∈ H : (id⊗q)∆(h) = h⊗ 1}, and
co qH = {h ∈ H : (q ⊗ id)∆(h) = 1⊗ h}.
Then Hco q (respectively, co qH) is a left (respectively, right) coideal
subalgebra of H . We shall also use the notation HcoB := Hco q. By
[Sc2],
(1.3.1) dimH = dimHco q dim q(H) = dim co qH dim q(H).
The left coideal subalgebra Hco q is stable under the left adjoint
action of H . Moreover Hco q = co qH if and only if Hco q is a (normal)
Hopf subalgebra of H . If this is the case, we shall say that the map
q : H → B is normal.
Remark 1.3.2. The Hopf algebra B∗ acts on H on the left and
on the right by f ⇀ h = 〈f, q(h2)〉h1, and h ↼ f = 〈f, q(h1)〉h2,
respectively. Suppose that q is surjective. Then we have
Hco q = {h ∈ H : f ⇀ h = ǫ(f)h, ∀f ∈ B∗}, and
co qH = {h ∈ H : h ↼ f = ǫ(f)h, ∀f ∈ B∗}.
In particular, let η ∈ G(H∗) and consider the Hopf algebra map
q : H → k〈η〉 obtained by transposing the inclusion k〈η〉 ⊆ H∗. Then
Hco q = {h ∈ H : η ⇀ h = h}, co qH = {h ∈ H : h ↼ η = h},
where ↼ and ⇀ are the regular actions of H∗ on H .
By [NZ], if A is a Hopf subalgebra of H such that A ⊆ Hco q,
then Hco q is free as an A-module, with respect to the action by left
multiplication of A. In particular, dimA divides dimHco q. The same
holds true with co qH instead of Hco q. Indeed, with this A-module
structure and the coaction given by the comultiplication of H , Hco q is
a left (A,H) Hopf module. We note the following consequence of this
fact:
Lemma 1.3.3. Suppose that |G(H)| and [H∗ : G(H∗)] are relatively
prime. Then the group G(H) is abelian and isomorphic to a subgroup
of Ĝ(H∗).
Proof. There is a surjective Hopf algebra map π : H → kG(H
∗),
and we have dimHcoπ = [H∗ : G(H∗)]. If 1 6= g ∈ G(H), then
π(g) 6= 1, since otherwise g would belong to Hcoπ implying that the
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order of g divides dimHcoπ, contradicting the assumption. Therefore
the restriction of π to G(H) is injective, and G(H) is thus isomorphic to
a subgroup of Ĝ(H∗) = G(kG(H
∗)). This implies that G(H) is abelian.

Lemma 1.3.4. Suppose that A ⊆ H is a Hopf subalgebra. Then
Aco q|A = A ∩Hco q. In particular, dimA = dim(A ∩Hco q) dim q(A).
Proof. The first claim is evident. The second follows from (1.3.1).

1.4. Yetter-Drinfeld modules
Let HHYD denote the category of (left-left) Yetter-Drinfeld modules
over H . Objects of this category are vector spaces V endowed with an
H-coaction ρ : V → H ⊗ V and an H-action . : H ⊗ V → V , subject
to the compatibility condition ρ(h.v) = h1v−1S(h3) ⊗ h2.v0, v ∈ V ,
h ∈ H ; morphisms are H-linear and colinear maps.
The category HHYD is a modular category, which coincides as such
with the category of modules over the Drinfeld double of H ; see [EG].
It is shown in [EG] that if V is a simple Yetter-Drinfeld module over
H , then dimV divides dimH .
With respect to the left adjoint action ad : H⊗H → H , (ad h)(a) =
h1aS(h2) and the left regular coaction ∆ : H → H ⊗ H , H becomes
an object of HHYD.
The Yetter-Drinfeld submodules V ⊆ H are exactly the left coide-
als V of H such that h1V S(h2) ⊆ V , for all h ∈ H . Thus, a one-
dimensional Yetter-Drinfeld submodule of H is exactly the span of a
central group-like element of H .
It is well-kown that the space of (right) coinvariants of a Hopf alge-
bra map is a left coideal stable under the left adjoint action. We thus
obtain the following lemma:
Lemma 1.4.1. Let H → B be a Hopf algebra map. Then HcoB is a
Yetter-Drinfeld submodule of H. 
Remark 1.4.2. Suppose that H → B → B′ is a sequence of Hopf
algebra maps. Then HcoB is a Yetter-Drinfeld submodule of HcoB
′
. In
particular, since HHYD is a semisimple category, there exists a Yetter-
Drinfeld submodule W ⊆ HcoB
′
such that HcoB
′
= HcoB ⊕W .
We recover the following result, due to Kobayashi and Masuoka
[KM]; see also [N, Theorem 2.1.1]. Our alternative proof is based on
[EG].
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Corollary 1.4.3. Suppose that B ⊆ H is a Hopf subalgebra such
that [H : B] = p is the smallest prime number dividing dimH. Then
B is a normal Hopf subalgebra and H fits into a (co-)central extension
1→ B → H → kZp → 0. 
Our argument proves indeed the following more precise statement:
if A ⊆ H is a normal Hopf subalgebra such that dimA is the smallest
prime number dividing dimH , then A is central in H .
Proof. Consider the dual projection H∗ → B∗. So that we have
dim(H∗)coB
∗
= [H : B] = p. Let V be an irreducible Yetter-Drinfeld
submodule of (H∗)coB
∗
. Since the dimension of V divides dimH and
is less than p, we find that dimV = 1; therefore V = kg, for some
g ∈ Z(H∗) ∩G(H∗).
Decomposing (H∗)coB
∗
into irreducible Yetter-Drinfeld modules,
we see that (H∗)coB
∗
is a central group-like Hopf subalgebra of H∗
of dimension p. This implies that H∗ fits into a central extension
0 → kZp → H
∗ → B∗ → 1. The lemma follows after dualizing this
extension. 
1.5. Yetter-Drinfeld modules and the character algebra
In the paper [Z2] Y. Zhu establishes a bijective correspondence be-
tween primitive idempotents in the character algebra R(H) ⊆ H∗ and
irreducible Yetter-Drinfeld submodules of H . Indeed, it is shown in
[Z2] that D(H) and R(H) form a commuting pair in EndH , with re-
spect to the D(H)-action corresponding to the Yetter-Drinfeld module
structure in H considered in Section 1.4 (or a version of it thereof) and
the R(H)-action ⇀: R(H)⊗H → H , f ⇀ h := 〈f, h2〉h1.
Let q : H → B be a Hopf algebra projection. Then HcoB is a
Yetter-Drinfeld submodule of H . Consider the dual inclusion of Hopf
algebras B∗ → H∗ and let e0 ∈ B
∗ be the normalized integral; e0 is the
primitive idempotent in B∗ corresponding to the trivial representation.
Since e0 is a cocommutative element, we have e0 ∈ R(H). Hence we
may write
(1.5.1) e0 = Λ + E1 + · · ·+ En,
where Λ, E1, . . . , En are orthogonal primitive idempotents in R(H),
such that Λ is the normalized integral in H∗.
The following proposition gives a refinement of the result in [Z2].
Proposition 1.5.2. The idempotents Λ, E1, . . . , En in (1.5.1) cor-
respond bijectively with the irreducible H-Yetter-Drinfeld submodules
of HcoB.
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Proof. We saw in Remark 1.3.2 that HcoB coincides with the
subalgebra of B∗-invariant elements of H under the left regular action
⇀: B∗ ⊗ H → H . Hence, since e0 ∈ B
∗ is the primitive idempotent
corresponding to the trivial representation, we have HcoB = e0 ⇀ H .
This implies the proposition. 
1.6. One dimensional Yetter-Drinfeld modules
Let g ∈ G(H), η ∈ G(H∗). Let Vg,η denote the one dimensional
vector space endowed with the action h.1 = η(h)1, h ∈ H , and the
coaction 1 7→ g ⊗ 1. The following is a restatement of a result due to
Radford [R, Proposition 10] that describes the group-like elements in
the dual of D(H).
Lemma 1.6.1. The one-dimensional Yetter-Drinfeld modules of H
are exactly of the form Vg,η, where g ∈ G(H) and η ∈ G(H
∗) are such
that (η ⇀ h)g = g(h ↼ η), for all h ∈ H. 
Remark 1.6.2. Let g ∈ G(H), η ∈ G(H∗). Then Vg,η is a Yetter-
Drinfeld module of H if and only if Vη,g is a Yetter-Drinfeld module of
H∗.
Proof. We use Lemma 1.6.1. We have that Vg,η is a Yetter-
Drinfeld module of H if and only if (η ⇀ h)g = g(h ↼ η), for all
h ∈ H . This equivalent to (g ⇀ f)η = η(f ↼ g), for all f ∈ H∗.
Hence the claim follows. 
Lemma 1.6.3. Let g ∈ G(H) and η ∈ G(H∗) such that Vg,η is a
Yetter-Drinfeld module of H. Let also q : H → k〈η〉 be the Hopf algebra
map obtained by transposing the inclusion k〈η〉 ⊆ H∗.
Suppose that V ⊆ Hco q is a subspace of H such that g−1vg = v, for
all v ∈ V . Then V ⊆ co qH.
Proof. Using Lemma 1.6.1, we have for all v ∈ V ,
v ↼ η = g−1(η ⇀ v)g = g−1vg = v,
the second equality because v ∈ Hco q, see Remark 1.3.2. This shows
that v ∈ co qH and finishes the proof of the lemma. 
The following result will be used in Chapters 6 and 12.
Theorem 1.6.4. Let g, η and q be as in Lemma 1.6.3. Let A ⊆ H
be a Hopf subalgebra such that g−1ag = a, for all a ∈ Aco q. Then the
restriction q|A : A→ k
〈η〉 is normal.
Proof. We shall prove that Aco q is a Hopf subalgebra of A. By
Lemma 1.6.3, we have Aco q ⊆ co qA. Thus co qA = Aco q, since they have
the same finite dimension. This implies the theorem. 
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1.7. HcoB as a left coideal of H
Let q : H → B be a surjective Hopf algebra map. Identify B∗ with
its image under the transpose map q∗ : B∗ → H∗; so that B∗ is a Hopf
subalgebra of H∗.
For each left B∗-module W , we may consider the induced left H∗-
module V = IndH
∗
B∗ W := H
∗ ⊗B∗ W . Most basic properties of the
induction functor are discussed, for instance, in [AN2]. Proposition
1.7.2 below establishes a relationship between the decomposition of the
induced module IndH
∗
B∗ ǫ and the normality of the map q. Here, Ind
H∗
B∗ ǫ
indicates the representation induced from the trivial one-dimensional
representation W = kǫ of B
∗. The key ingredient is the following
identification.
Recall that HcoB is a left coideal of H , hence a right H∗-module.
Thus (HcoB)∗ is naturally a left H∗-module through the action given
by 〈p.f, x〉 := 〈p, x1〉〈f, x2〉, for p ∈ H
∗, f ∈ (HcoB)∗, x ∈ HcoB.
Lemma 1.7.1. (HcoB)∗ ≃ IndH
∗
B∗ ǫ as left H
∗-modules.
As a consequence of this lemma, we see that for every irreducible
left coideal V of H , V ∗ appears in HcoB with the same multiplicity as
V does.
Proof. As left H∗-modules, IndH
∗
B∗ ǫ = H
∗⊗B∗ kǫ ≃ H
∗/H∗(B∗)+.
On the other hand, the evaluation map 〈 , 〉 : H∗ ⊗ H → k induces a
left H∗-linear isomorphism H∗/H∗(B∗)+ ≃ (HcoB)∗. 
Proposition 1.7.2. The map q : H → B is normal if and only if
every irreducible H∗-module V appears with multiplicity dimV or 0 in
IndH
∗
B∗ ǫ.
Proof. We know that q is normal if and only if HcoB is a subcoal-
gebra of H . In turn, the last holds if and only if for every irreducible
H-coideal V ⊆ HcoB, HcoB contains the simple subcoalgebra corre-
sponding to V ; that is, if and only if, every irreducible left coideal of H
appears with multiplicity dimV or 0 in HcoB. The proposition follows
from Lemma 1.7.1. 
CHAPTER 2
The Nichols-Richmond Theorem
Recall from 1.2 that the character algebra of H , denoted R(H), is
the subalgebra of H∗ spanned by the irreducible characters of H .
A subalgebra M of R(H) is called a standard subalgebra if M is
spanned by irreducible characters of H . So that if X is a subset of Ĥ,
X spans a standard subalgebra of R(H) if and only if the product of
characters in X decompose as a sum of characters in X .
By [NR, Theorem 6] there is a bijection between standard subal-
gebras of R(H) and quotient Hopf algebras of H . Under this bijec-
tion, the quotient H → B corresponds to the character algebra of B:
R(B) ⊆ R(H).
2.1. Irreducible characters of degree 2
In this section we collect some facts related to the fusion rules of
irreducible characters of degree 2.
Suppose that H contains an irreducible character χ of degree 2,
such that
(2.1.1) χ2 =
∑
g∈G[χ]
g;
in particular, χ∗ = χ and |G[χ]| = 4. The set G[χ] ∪ {χ} spans a
standard subalgebra of R(H). This subalgebra corresponds to a quo-
tient Hopf algebra H → H , where H is a semisimple non-commutative
Hopf algebra of dimension 8 with algebra type (1, 4; 2, 1). The classi-
fication of semisimple Hopf algebras of dimension 8 implies that the
group G[χ] = G(H
∗
) is not cyclic; a more general picture will appear
later in 3.4.
Conversely, every semisimple non-commutative Hopf algebra of di-
mension 8 has four linear characters, which constitute a group isomor-
phic to Z2 × Z2, and one (self-dual) irreducible character of degree 2,
satisfying the relations (2.1.1).
Suppose now that H has an irreducible character χ of degree 2 such
that
(2.1.2) χχ∗ = ǫ+ g + χ,
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for some g ∈ G(H∗). Then G[χ] = {ǫ, g}, χ∗ = χ and G[χ] ∪ {χ}
spans a standard subalgebra of R(H), which corresponds to a quotient
Hopf algebra H → H , where H ⋍ kS3 is the unique non-commutative
semisimple Hopf algebra of dimension 6.
Proposition 2.1.3. Suppose that the following conditions are ful-
filled:
(i) |{χ ∈ Ĥ : χ(1) = 2}| is odd;
(ii) G(H∗) contains a subgroup Γ of order 4.
Then there is a quotient Hopf algebra H → H, where H is a
semisimple non-commutative Hopf algebra of dimension 8 such that
Γ ⊆ H
∗
.
Proof. The group Γ acts on the set X2 = {χ ∈ Ĥ : χ(1) = 2} in
the form g.χ = gχg−1. Let X ′2 ⊆ X2 be the set of fixed points under
this action. Since |X2| is odd by assumption, then |X
′
2| is also odd.
Moreover, since Γ is abelian, Γ acts on X ′2 by left multiplication.
Let Y ⊆ X ′2 be the set of fixed points ofX
′
2 under left multiplication
by Γ. Once again we find that |Y | is odd and, in particular, that Y is
not empty. It is easy to see that µ∗ ∈ Y for all µ ∈ Y , whence there
must exist χ ∈ Y such that χ∗ = χ.
By construction, χ2 = χχ∗ =
∑
g∈Γ g; see (1.2.3). Hence the set
Γ ∪ {χ} spans a standard subalgebra of R(H) which corresponds to a
Hopf algebra quotient of dimension 8 as claimed. 
Lemma 2.1.4. Suppose that λλ∗ ∈ kG(H∗) for some irreducible
character λ. Assume in addition that deg λ ≤ deg µ for all irreducible
character µ with deg µ > 1. Then also λ∗λ ∈ kG(H∗).
Proof. By assumption we have λλ∗ =
∑
g∈G[λ] g. On the other
hand, we may write λ∗λ =
∑
g∈G[λ∗] g +
∑
deg µ>1 nµµ, where nµ =
m(µ, λ∗λ). Then we have
λλ∗λ =
∑
g∈G[λ∗]
λg +
∑
deg µ>1
nµλµ = |G[λ
∗]|λ+
∑
deg µ>1
nµλµ,
and also
λλ∗λ =
∑
g∈G[λ]
gλ = |G[λ]|λ.
Comparing the multiplicity of λ in both expressions, we find that
λµ = (deg µ)λ, for all µ such that nµ 6= 0. Thus deg µ = m(λ, λµ) =
m(µ, λ∗λ) = nµ. But then nµ deg µ ≥ (deg λ)
2 for all µ such that
deg µ > 1 and nµ 6= 0; so we see that nµ = 0, for all µ such that
deg µ > 1. This finishes the proof of the lemma. 
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2.2. The Nichols-Richmond theorem
The following theorem is due to Nichols and Richmond. See [NR,
Theorem 11]. We state here a version convenient to the finite dimen-
sional context.
Theorem 2.2.1. Suppose that H has an irreducible character χ of
degree 2. Then at least one of the following conditions holds:
(i) G[χ] 6= 1;
(ii) H has a Hopf algebra quotient of dimension 24, which has a
degree one character g of order 2 such that gχ 6= χ;
(iii) H has a Hopf algebra quotient of dimension 12 or 60. 
Notice that, as a consequence of the theorem, if dimH < 60 and H
has an irreducible character of degree 2, then G(H∗) 6= 1.
Remark 2.2.2. (i) Suppose thatH has an irreducible character χ of
degree 2 such that G[χ] = 1. Then H must also contain an irreducible
character ψ of degree 3, which is necessarily self-dual, and such that
χχ∗ = ǫ+ ψ.
Assume that H has no irreducible character of degree 4. Then
|G[ψ]| = 3 and ψ2 =
∑
g∈G[ψ] g+2ψ; so that G[ψ]∪ψ spans a standard
subalgebra of R(H), which corresponds to a quotient Hopf algebra of
type (1, 3; 3, 1).
Proof. We follow the lines of the proof of Case 1 in [NR, Theorem
11]. Since H has no irreducible character of degree 4 andm(χ, ψχ) = 1,
a counting argument implies that ψχ is a sum of irreducible characters
of degree 2. Moreover, it is easy to see that all these characters are
conjugated to χ. By [NR, Theorem 10 (3)], ψχ =
∑
g∈G[ψ] gχ, so in
particular |G[ψ]| = 3. Multiplying both sides of this equation by χ∗ on
the right, we get ψ2 =
∑
g∈G[ψ] g + 2ψ. This proves the claim. 
(ii) The assumption G[χ] = 1, for an irreducible character χ of
degree n, implies also that χ has exactly |G(H∗)| distinct conjugates
under the action of G(H∗) by left multiplication. Thus, in this case,
we must have an inequality |G(H∗)| ≤ |Xn|.
The following corollary of the Nichols-Richmond Theorem gives
some restrictions for the possibility G(H∗) = 1.
Corollary 2.2.3. Suppose that H has an irreducible character
of degree 2. If G(H∗) = 1, then H has a Hopf algebra quotient of
dimension 60. In particular, 60/ dimH.
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Proof. Any semisimple Hopf algebra of dimension 12 contains
nontrivial group-like elements [F]. By Theorem 2.2.1, if G(H∗) = 1, H
must have a Hopf algebra quotient of dimension 60 as claimed. 
2.3. An application to D(H)
In this section, we consider an application of Theorem 2.2.1 to the
Drinfeld double of H .
Proposition 2.3.1. Suppose that H is a semisimple Hopf algebra
such that dimH < 60. If the Drinfeld double D(H) has an irreducible
character of degree 2, then G(D(H)∗) 6= 1.
In particular, D(H) is not simple; see [N, Corollary 2.3.2].
Proof. If D(H) has an irreducible character of degree 2, then by
Corollary 2.2.3, G(D(H)∗) 6= 1, unless there is a quotient Hopf algebra
q : D(H)→ B, with dimB = 60 such that G(B∗) = 1.
If this were the case, then by [NZ] dimH is divisible by 30 (since it
must be divisible by 2, 3 and 5); thus by assumption, dimH = 30. The
proposition follows from Theorem 2, which says that H is necessarily
trivial. 
In our applications we shall combine the preceding proposition with
the following fact.
Lemma 2.3.2. Suppose that H has a Hopf subalgebra or quotient
Hopf algebra of index 3. If G(H∗) ∩ Z(H∗) = 1 and G(H) ∩ Z(H) =
1, then the Drinfeld double of H contains an irreducible character of
degree 2.
Proof. We may assume that H has a quotient Hopf algebra H →
B of index 3; the other case is dual, once we notice that D(H∗cop) ≃
D(H)op ≃ D(H). By assumption dimHcoB = 3, and by Lemma 1.4.1
HcoB is a Yetter-Drinfeld submodule of H . Decomposing HcoB as a di-
rect sum of irreducible Yetter-Drinfeld submodules implies the lemma,
since the trivial appears with multiplicity 1. 
2.4. Existence of proper Hopf subalgebras
In this section we apply the Nichols-Richmond theorem in order to
assure, in certain cases, the existence of proper Hopf subalgebras.
Lemma 2.4.1. Let χ and ψ be irreducible characters of H such that
the product χψ is irreducible. Then for all irreducible character µ 6= ǫ
we must have m(µ, ψψ∗) = 0 or m(µ, χ∗χ) = 0.
In particular G[ψ] ∩G[χ∗] = 1.
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Proof. Let ζ = χψ. By Schur’s Lemma, ζ is irreducible if and
only if m(ǫ, ζζ∗) = 1.
On the other hand, we have
ζζ∗ = χψψ∗χ∗ = χ

∑
µ∈Ĥ
m(µ, ψψ∗)µ

χ∗
= χχ∗ +
∑
µ6=ǫ
m(µ, ψψ∗)χµχ∗.
Therefore,m(ǫ, ζζ∗) = 1 if and only if for all µ 6= ǫ, withm(µ, ψψ∗) > 0,
we have m(ǫ, χµχ∗) = 0 or equivalently, m(µ, χ∗χ) = 0. This proves
the lemma. 
Theorem 2.4.2. Suppose that 1 6= G[χ] ∩ G[ψ], for all irreducible
characters χ and ψ of degree 2. Then there is a quotient Hopf algebra
π : H → H, such that H is of type (1, |G(H∗)|; 2, |X2|) as an algebra.
Proof. It follows from Lemma 2.4.1 and the assumptions, that if
χ and ψ are irreducible characters of degree 2, then their product χψ is
not irreducible. Thus χψ decomposes as a sum of irreducible characters
of degree at most 2; indeed, the one-dimensional characters appearing
in χψ with positive multiplicity form a coset of the stabilizer G[χ] in
G(H∗) and thus there are 0, 2 or 4 of them, so that the other irreducible
summands must be of degree 2. Therefore, the set {χ ∈ Ĥ : χ(1) ≤ 2}
spans a standard subalgebra of the character algebra of H , implying
the claim. 
We next collect some useful variations of this theorem.
Remark 2.4.3. (i) If H has no irreducible character of degree 4
and the dimension of H is not divisible by 12, then the set G(H∗)∪X2
spans a standard subalgebra of R(H). Therefore, H has a quotient
Hopf algebra of type (1, |G(H∗)|; 2, |X2|).
Proof. In this case the product of two characters of degree 2 can-
not be irreducible. By Theorem 2.2.1, since 12 does not divide dimH ,
then G[χ] 6= 1 for all χ ∈ X2, implying that for all ψ ∈ X2, χψ decom-
poses as a sum of irreducible characters of degree ≤ 2 (arguing as in
the proof of Theorem 2.4.2). 
(ii) Suppose that G[χ] 6= 1 for all χ ∈ X2. Assume in addition
that G(H∗) has a unique subgroup F of order 2. Then all irreducible
characters of degree 2 are stable under multiplication by F .
In particular F ⊆ G[ψ]∩G[χ∗], for all irreducible characters ψ and
χ of degree 2.
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(iii) Suppose that the action by right multiplication of G(H∗) on X2
is transitive and |G[χ]| 6= 1 for some irreducible character of degree 2.
Then the set G(H) ∪X2 spans a standard subalgebra of R(H
∗) which
corresponds to a quotient Hopf algebra H → B, such that B is of type
(1, |G(H∗)|; 2, |X2|) as an algebra.
Proof. The assumption implies that |G[χ]| 6= 1, for all irreducible
character χ with deg χ = 2: indeed, the action of G(H∗) by right
multiplication, which is transitive, preserves G[χ] and this group is not
trivial at least for one χ. Therefore χχ∗ belongs to the span of G(H∗)
and X2.
Since the action of G(H∗) on the set X2 by right multiplication is
transitive, for all χ′ ∈ X2, there exists h ∈ G(H
∗) such that χ′ = χ∗h;
then χχ′ = χχ∗h belongs to the span of G(H∗) ∪X2.
This shows that the set G(H∗) ∪ X2 spans a standard subalgebra
of R(H) and implies the claim. 
2.5. Hopf subalgebras of index 3
Using character theory, we shall show that for some Hopf algebra
inclusions A ⊆ H , with [H : A] = 3, there is a quotient Hopf algebra
H → H , such that the simple H-modules have dimension 1 or 2.
Observe that, by Corollary 1.4.3, if H has a Hopf subalgebra of
index 3 which is not normal, then the dimension of H must be even;
hence 6/ dimH . The following theorem and its corollary give more
precise information.
Theorem 2.5.1. Let A ⊆ H be a Hopf subalgebra such that [H :
A] = 3. Suppose that A is not normal in H. Then there exist a
Hopf algebra H of algebra type (1, |G(H∗)|; 2,
|G(H∗)|
2
) together with
surjective Hopf algebra maps H → H → B, where B ≃ kS3, and a
surjective coalgebra map B → H/HA+ such that the following diagram
is commutative:
H −−−→ Hy y
H/HA+ ←−−− B.
Proof. Since A is not normal in H , by Proposition 1.7.2, IndHA ǫ =
ǫ + χ, where χ is an irreducible character of degree 2. In particular,
χ∗ = χ, by Lemma 1.7.1.
Claim 2.5.2. |G[χ]| = 2 and G[χ]∪{χ} spans a standard subalgebra
of R(H).
22 2. THE NICHOLS-RICHMOND THEOREM
Proof. It is enough to show that the product χχ∗ = χ2 admits a
decomposition as in (2.1.2).
Since m(χ, IndHA ǫ) = 1, we have χ|A = ǫ+x, where ǫ 6= x ∈ G(A
∗),
by Frobenius reciprocity. Hence χ2|A = 2(ǫ+ x).
In the character algebra of H one of the following decompositions
must hold:
(a) χ2 = ǫ+a+b+c, where a, b, c ∈ G(H∗)\{ǫ} are pairwise distinct;
(b) χ2 = ǫ+ ψ, where ψ is an irreducible character of degree 3;
(c) χ2 = ǫ + a + λ, where ǫ 6= a ∈ G(H∗) and λ is an irreducible
character of degree 2.
We shall show that the cases (a) and (b) are impossible, thus prov-
ing that |G[χ]| = 2. Suppose that (b) holds. Restricting to A, we
find that necessarily m(ǫ, ψ|A) > 0. But by Frobenius reciprocity
m(ǫ, ψ|A) = m(ψ, Ind
H
A ǫ) = 0; this contradiction discards case (b).
Case (a) is similarly discarded.
Hence (c) holds. It remains to show that λ = χ. For this, we
restrict the equation χ2 = ǫ + a + λ to A, and apply the Frobenius
reciprocity to find that m(λ, IndHA ǫ) > 0, whence λ = χ. This proves
the claim. 
Clearly, the standard subalgebra in Claim 2.5.2 corresponds to a
quotient Hopf algebra H → B, such that B ≃ kS3. Moreover, by
construction, and using Lemma 1.7.1, (H∗)coA
∗
⊆ B∗ ⊆ H∗. Hence
there is a surjective coalgebra map B → H/HA+ which factorizes the
canonical map H → H/HA+.
Lemma 1.7.1 implies also that gχg−1 = χ, for all g ∈ G(H∗). There-
fore, G(H∗) ∪ G(H∗)χ spans a standard subalgebra of R(H), which
corresponds to a quotient Hopf algebra H → H with the desired prop-
erties. This finishes the proof of the theorem. 
Note that dimH = 3|G(H∗)|. The following corollary is an imme-
diate consequence of the theorem.
Corollary 2.5.3. Suppose that A ⊆ H is a Hopf subalgebra such
that [H : A] = 3 and A is not normal in H. Then we have
(i) |G(H∗)| is even;
(ii) 3|G(H∗)| divides dimH. 
CHAPTER 3
Quotient Coalgebras
Let H be a semisimple Hopf algebra and let A ⊆ H be a Hopf
subalgebra. Consider the quotient coalgebra p : H → H := H/HA+.
By [M2, 3.4], H is a cosemisimple coalgebra. In this chapter we aim
to relate the corepresentations of H and H . We discuss the corepre-
sentation theory of H in relation with that of H and the corestriction
functor HM→ HM.
We show that if C is a simple subcoalgebra of H such that Ca ⊆ C,
for all a ∈ A, then the dual of the quotient coalgebra C/CA+ and the
crossed product Aα, where α : A ⊗ A → k is a certain 2-cocycle,
constitute a commuting pair in C∗. This is applied in combination
with Masuoka’s main result in [M5], in some instances of the proof of
Theorem 1.
In particular, when A = kG is the group algebra of a subgroup G
of G(H) and V is a simple H-comodule, we deduce that EndH(V ) is
isomorphic as an algebra to a twisted group algebra kαΓ, where Γ ⊆ G
is the stabilizer of V , i.e. Γ = {g ∈ G : V ⊗g ≃ V }, and α : Γ×Γ→ k×
is a 2-cocycle. This result implies that the multiplicity of an irreducible
H-comodule in V is a divisor of the order of Γ. In particular, when the
group Γ is abelian, all irreducible H-comodules in the restriction of V
to H appear with the same multiplicity d, where d divides the order of
Γ. This allows us to recover the result in [M5, Proposition 2.4].
Some of these results are applied to the case when H is a biproduct
in the sense of Radford: H ≃ R#A. Indeed, in this case R is isomorphic
as a coalgebra to the quotient H/HA+.
We shall denote by HM the category of left H-comodules; for a
left H-comodule algebra A, the category of (left-right) (A,H)-Hopf
modules will be indicated by HMA.
3.1. A multiplicity formula
Let ρ : V → H ⊗ V , ρ(v) = v−1 ⊗ v0, be a left H-comodule.
Consider the H-comodule structure on V obtained by corestriction
along the coalgebra map p; we shall sometimes use the notation V for
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this comodule structure, as well as ρ = (p⊗ id)ρ : V → H ⊗ V for the
structure map. We obtain in this way a functor HM→ HM, V 7→ V .
By a result of Schneider [Sc3, Theorem II], there is a category
equivalence ω : HMA →
HM between the category of (A,H)-Hopf
modules and the category of H-comodules. The equivalence is given
by ω :M 7→ M/MA+, for any object M of HMA.
Consider now the functor F : HM→ HMA, F (V ) = V ⊗A; where
H coacts diagonally on V ⊗A and the right A-module structure is given
by v ⊗ a.b = v ⊗ ab.
Lemma 3.1.1. (i) The functor F is a left adjoint of the forgetful
functor U : HMA →
HM;
(ii) for all left H-comodules V there is an isomorphism ωF (V ) ≃ V .
Proof. (i) We define natural maps
ψ : HomH(X,U(Y ))→ HomHA (X ⊗ A, Y ),
φ : HomHA (X ⊗ A, Y )→ Hom
H(X,U(Y )),
as follows:
ψ(f)(x⊗ a) = f(x).a, φ(g)(x) = g(x⊗ 1),
for all x ∈ X , a ∈ A. It is not hard to check that ψ and φ are well
defined and are indeed inverse isomorphisms.
(ii) The maps µ : (V ⊗A)/(V ⊗A+)→ V , µ([v⊗ a]) := ǫ(a)v, and
η : V → (V ⊗ A)/(V ⊗ A+), η(v) := [v ⊗ 1], define inverse H-colinear
isomorphisms. 
As a consequence we get the following proposition.
Proposition 3.1.2. Suppose that U and V are finite-dimensional
left H-comodules. There is a natural linear isomorphism
HomH(U, V ) ≃ HomH(V ∗ ⊗ U,A).
Suppose that V is a simple H-comodule. Then V is simple if and only
if
HomH(V, V ⊗W ) = HomH(V ∗ ⊗ V,W ) = 0,
for all simple left A-comodule k1 6=W .
Proof. We have isomorphisms
HomH(U, V ⊗ A) ≃ HomHA (U ⊗ A, V ⊗ A)
≃ HomH(ω(U ⊗ A), ω(V ⊗A)) ≃ HomH(U, V );
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the first isomorphism by Lemma 3.1.1 (i), the second since ω is a cat-
egory equivalence and the third by Lemma 3.1.1 (ii). This proves the
first statement since HomH(U, V ⊗ A) ≃ HomH(V ∗ ⊗ U,A).
As leftH-comodule, A decomposes in the form A ≃ ⊕W (dimW )W ,
where the sum runs over the set of isomorphism classes of irreducible
left coideals of A, which coincides with the set of isomorphism classes
of irreducible left coideals W of H which are contained in A. Hence we
have
HomH(V , V ) ≃ HomH(V ∗ ⊗ V,A) ≃ ⊕W (dimW ) Hom
H(V ∗ ⊗ V,W );
this implies the last statement, in view of Schur’s Lemma. 
Remark 3.1.3. (i) Suppose that U and V are finite-dimensional left
H-comodules, and let χU and χV ∈ H be the corresponding characters.
As a left H-comodule, A ≃ ⊕
λ∈Â∗ deg λ Wλ. Proposition 3.1.2 implies
the following multiplicity formula:
dimHomH(U, V ) =
∑
λ∈Â∗
deg λ m(λ, χ∗V χU).
(ii) Suppose that A = kG, where G is a subgroup of G(H). Let
G[V ∗] denote the subgroup of G consisting of all elements g for which
V g ≃ V ; that is, G[V ∗] = G ∩ G[χ∗V ]. Recall from (1.2.2) that for
g ∈ G, we have dimHomH(V ∗⊗V, g) = 1 if and only if g ∈ G[V ∗], and
dimHomH(V ∗ ⊗ V, g) = 0 otherwise.
It follows from Proposition 3.1.2 that
EndH V ≃ HomH(V ∗ ⊗ V, kG) =
⊕
g∈G[V ∗]
HomH(V ∗ ⊗ V, g).
We thus get dimEndH V = |G[V ∗]|.
3.2. Stable subcoalgebras
We keep the notation in the previous section. Let C ⊆ H be a
simple subcoalgebra and let V ⊆ C be an irreducible left coideal of H .
Suppose that Ca ⊆ C, for all a ∈ A. That is, C is a right A-module
with action given by right multiplication; by [NZ] C is a free right
A-module. Let C := p(C) and let t ∈ A be the normalized integral.
We have H = H(1 − t) ⊕ Ht, and HA+ = H(1 − t). In particular,
p(h) = p(ht), for all h ∈ H .
Notice also that EndH V = EndC V and EndH V = EndC V .
Lemma 3.2.1. (i) The map p : H → H induces an identification
C/C(1− t) = C;
(ii) dimC = (dimA)−1 dimC.
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Proof. (i) The map p induces an identification C = C/C∩HA+ =
C/C ∩H(1− t). We claim that C ∩H(1− t) = C(1 − t). Indeed, let
c ∈ C ∩ H(1 − t); then c = h(1 − t) implying, since (1 − t) is an
idempotent, that c = c(1 − t) ∈ C(1 − t). The other inclusion is
immediate from the fact that Ca ⊆ C, for all a ∈ A.
(ii) We have C = C(1 − t) ⊕ Ct, since t and 1 − t are orthogonal
idempotents, and C is stable under right multiplication by A. By part
(i), dimC = dimCt. But Ct = CA is the space of A-invariant elements
in C under the action by right multiplication. Since C is a free right A-
module of rank (dimA)−1 dimC, then dimCA = (dimA)−1 dimC. 
Remark 3.2.2. Let χ ∈ C be the irreducible character of H cor-
responding to C. The simple subcoalgebra C satisfies Ca ⊆ C for all
a ∈ A if and only if χψ ∈ Zχ, for all ψ ∈ Â∗. This follows from the
fact that the multiplication map m : H ⊗H → H is a left (and right)
H-comodule map.
Since C is a right A-module coalgebra under right multiplication,
then C∗ is a left A-module algebra under the action (a.f)(c) = f(ca),
f ∈ C∗, c ∈ C, a ∈ A.
By the Skolem-Noether Theorem for Hopf algebras [M9], since C∗
is a simple algebra over k, there exists a convolution invertible map
ψ : A→ C∗ such that a.f = ψ(a1)fψ
−1(a2), for all f ∈ C
∗, a ∈ A. This
gives rise to an algebra map ψ : Aα → C
∗, where α ∈ Z2(A, k) is the
2-cocycle associated to ψ in the form α(a, b) = ψ−1(a1b1)ψ(a2)ψ(b2).
Here, and elsewhere, Aα := A#αk denotes the associated crossed prod-
uct with respect to the cocycle α; that is, Aα = A as vector spaces,
with the multiplication a.b = α(a2, b2)a1b1, a, b ∈ A. Note that, when
A = kG is a group algebra, (kG)α = kαG is the twisted group algebra.
Proposition 3.2.3. As algebras,
(
EndC V
)op
≃ Aα. Moreover,
Aα and C
∗
form a commuting pair in (EndV )op ≃ C∗.
Proof. The coalgebra projection p : C → C induces by trans-
position an algebra inclusion C
∗
⊂ C∗. We have that C
∗
coincides
with the subalgebra of invariants (C∗)A under the action of A. Indeed,
f ∈ C
∗
if and only if f(c) = f(p(c)), for all c ∈ C, if and only if
f(c) = f(ct) = (t.f)(c), for all c ∈ C; whence, C
∗
= (C∗)A.
Hence, by definition of ψ, C
∗
coincides with the commutant of
ψ(Aα) in C
∗. Since C
∗
is semisimple, the double commutant theorem
implies that ψ(Aα) is the commutant of C
∗
in C∗.
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It follows from Burnside’s Density Theorem [CR] that there is an
anti-isomorphism of algebras I : C∗ → End V , given by
(3.2.4) I(f)(v) := 〈f, v−1〉v0, v ∈ V, f ∈ C
∗.
Under this identification, the commutant of C
∗
in C∗ coincides with the
subalgebra
(
EndC V
)op
of (End V )op. Therefore ψ defines a surjective
algebra map ψ : Aα → ψ(Aα) =
(
EndC V
)op
.
Since CA ⊆ C, we have χV λ = (deg λ)χV , for all irreducible char-
acter λ ∈ Â∗; that is, m(λ, χ∗V χV ) = deg λ, for all λ ∈ Â
∗. By Re-
mark 3.1.3 (i), dimEndC V =
∑
λ∈Â∗(deg λ)
2 = dimA. Therefore
ψ : Aα → C
∗ is an injective algebra map and determines an iso-
morphism Aα ≃
(
EndC V
)op
. This finishes the proof of the propo-
sition. 
Corollary 3.2.5. There exists a bijective correspondence between
irreducible Aα-modules and irreducible C-comodules.
There is an isomorphism V ≃
⊕
i Ui ⊗Wi, where Wi runs over a
system of representatives of the isomorphism classes of irreducible Aα-
modules and Ui is the irreducible C-comodule corresponding to Wi. 
In particular, if A = kG where G is a finite group, then the multi-
plicity of Ui in V divides the order of G, for all i.
If G is an abelian group, then all the irreducible kαG-modules have
the same dimension d. Therefore all irreducible C-subcomodules of V
appear with the same multiplicity d.
As an application of the methods of this section, we have the fol-
lowing proposition.
Proposition 3.2.6. Suppose that AC = C = CA. Assume in
addition that dimA = dimC. Then A is normal in k[C].
Here, k[C] denotes the subalgebra generated by C; this is a Hopf
subalgebra of H containing A.
Proof. By Lemma 3.2.1, dimCt = dim tC = 1, where t ∈ A is
the normalized integral. Therefore Ct = tC = kψ, where ψ ∈ C is the
corresponding irreducible character. Hence, for all c ∈ C, tc = l(c)ψ
and ct = r(c)ψ, which implies that tc = ct, after applying the counit.
Hence t commutes pointwise with C; thus it is central in k[C], and
a fortiori, A is normal in k[C]. 
Remark 3.2.7. It follows from Corollary 3.2.5 that, if G is cyclic
and |G| = dim V , then C is a cocommutative coalgebra. We thus
recover a fact in the proof of [M5, Proposition 2.4].
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3.3. Quotients modulo group-like Hopf subalgebras
Let G be a subgroup of G(H) and let A = kG. We shall now
specialize the description in the previous sections.
Let t :=
1
|G|
∑
g∈G g be the normalized integral in kG.
Lemma 3.3.1. Let C and D be simple subcoalgebras of H. Then
the following are equivalent:
(i) p(C) ∩ p(D) 6= 0;
(ii) p(C) = p(D);
(iii) There exists g ∈ G such that Cg = D.
Proof. (ii) =⇒ (i). Clear, since p(C) 6= 0 for all simple subcoal-
gebra C.
(iii) =⇒ (ii). If D = Cg, then Dt = Ct and therefore p(D) =
p(Dt) = p(Ct) = p(C).
(i) =⇒ (iii). Suppose that c ∈ C and d ∈ D are such that p(c) =
p(d) 6= 0. Then c−d belongs to the kernel of p, and there exists h ∈ H
such that c− d = h(1− t). Hence
(c− d)t = h(1− t)t = 0,
implying that ct = dt. But ct ∈
∑
g∈GCg and dt ∈
∑
g∈GDg. There-
fore, Cg∩Dg′ 6= 0, for some g, g′ ∈ G; since both Cg andDg′ are simple
subcoalgebras, this implies that Cg = Dg′ and D = Cg(g′)−1. 
The group G acts on the set of simple subcoalgebras of H by right
multiplication. Let C1, . . . , Cn be a system of representatives of this
action, and let Gi ⊆ G be the stabilizer of Ci.
Corollary 3.3.2. There is an isomorphism of coalgebras H ≃⊕n
i=1Ci, where C i = p(Ci) ≃ Ci/Ci(kGi)
+.
Proof. It follows from Lemma 3.3.1 that H ≃
⊕n
i=1 p(Ci). Thus
it remains to see that p(Ci) ≃ Ci/Ci(kGi)
+.
Fix 1 ≤ i ≤ n and let C = Ci, GC = Gi. We claim that C ∩
H(kG)+ = C ∩ C(1 − t) = C ∩ C(1 − tC), where tC =
1
|GC |
∑
h∈GC
h
is the normalized integral in kGC .
Note first that if c ∈ C∩H(kG)+ = C∩H(1−t) then c = h(1−t) and
thus c(1−t) = h(1−t)2 = c; this shows that C∩H(kG)+ = C∩C(1−t).
On the other hand, we have
t =
1
|G|
∑
g∈G
g =
1
|G|
∑
g∈GC\G
∑
h∈GC
hg =
|GC |
|G|
∑
g∈GC\G
tCg.
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Thus, for c ∈ C, ct =
|GC |
|G|
∑
g∈GC\G
ctCg belongs to
⊕
g∈GC\G
Cg,
implying that ct = 0 if and only if ctC = 0. Then c ∈ C ∩ C(1 − t) if
and only if ct = 0 if and only if ctC = 0 if and only if c ∈ C∩C(1−tC) =
C(1− tC). This proves the claim and the corollary follows. 
3.4. On the structure of G(H)
In this section we present some consequences of Proposition 3.2.3.
Some of them are special cases of results in the papers [TY, T]. We
keep the notation in the previous sections: C ⊆ H is a simple subcoal-
gebra, V ⊆ C is an irreducible left coideal, G is a subgroup of G(H)
such that Cg = C, for all g ∈ G, and C = C/C(kG)+ is the quotient
coalgebra.
Proposition 3.4.1. Suppose that C is a simple coalgebra. Then
there exists a non-degenerate 2-cocycle α : G×G→ k×. In particular,
the group G is solvable and not cyclic.
Proof. By Corollary 3.2.5 the twisted group algebra kαG is simple.
This implies the proposition. 
Corollary 3.4.2. Suppose that |G| = dimC = (dimV )2. Then G
is solvable and not cyclic. 
Remark 3.4.3. Suppose as above that |G| = dimC. If we assume
in addition that V ∗ ≃ V , then A = kG⊕C is a Hopf subalgebra whose
category C of corepresentations has necessarily the fusion rules in [TY].
The results in loc. cit. imply that G is abelian. Since by definition C
admits a fiber functor, the existence of a non-degenerate 2-cocycle on
G is a consequence of [T].
In the following proposition we give a Hopf theoretical proof of these
facts concerning G, under rather less restrictive assumption.
Proposition 3.4.4. Suppose that the following conditions hold:
(i) |G| = dimC;
(ii) gC = C = Cg, for all g ∈ G.
Then the group G is abelian and admits a non-degenerate 2-cocycle.
If in addition C = S(C), then A = kG ⊕ C is a Hopf subalgebra
of H of dimension 2 dimC, which fits into a cocentral extension 1 →
kĜ → A→ kZ2 → 0.
An analogous result, in the context of Kac algebras, appears in [IK,
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Proof. Keep the notation in the proof of Proposition 3.2.3. Let
Xg ∈ C
∗ denote the image of g ∈ G under the map ψ : G → C∗; so
that {Xg : g ∈ G} is a basis of C
∗ and XaXb = α(a, b)Xab, for all
a, b ∈ G. Also, the action (a.p)(c) = p(ca) is given by a.p = XapX
−1
a ,
for all p ∈ C∗, a ∈ G.
In view of condition (ii), the same arguments apply to the Hopf
algebra Hop. Therefore there exists a basis {Yg : g ∈ G} of C
∗ such
that the action (p.b)(c) = p(bc) is given by p.b = Y −1b pYb, for all p ∈ C
∗,
b ∈ G. The relation (a.p).b = a.(p.b) implies that XaYbX
−1
a Y
−1
b =
ζ(a, b)1, for some map ζ : G × G → k×. The definition of ζ implies
that a.Yb = ζ(a, b)Yb and similarly that X
−1
a .b = ζ(a, b)X
−1
a . Thus, by
the associativity of the actions, we get that ζ is a bicharacter on G.
Suppose that there exists a ∈ G such that ζ(a, b) = 1, for all b ∈ G.
This implies that a.Yb = Yb, for all b ∈ G. Since {Yb}b∈G is a basis of
C∗, we get that the action of a on C∗ (and thus on C) is trivial. This
implies that a = 1, because by [NZ] C∗ ≃ kG as a left and right kG-
module. Therefore the bicharacter ζ : G×G→ k× is non-degenerate.
This proves that G is abelian as claimed. Finally, since kG, which is
isomorphic to kĜ, has index 2 in A, the last part of the proposition
follows; see Corollary 1.4.3. 
3.5. A criterion of normality
We review in this section a result of A. Masuoka, which appears in
[M5, Section 2].
We shall assume that C ⊆ H is a simple subcoalgebra of dimension
n2 of H, and g ∈ G(H) is a group-like element of order n such that
gC = C = Cg. In particular, g ∈ k[C], hence k〈g〉 ⊆ k[C].
Let V ⊆ C be an irreducible left coideal, so that kg ⊗ V ≃ V ≃
V ⊗ kg. Let also α : kg ⊗ V → V and α′ : V ⊗ kg → V be H-colinear
isomorphisms.
Lemma 3.5.1. k〈g〉 is a normal Hopf subalgebra of k[C] if and only
if α and α′ commute as endomorphisms of V .
Proof. Let t ∈ k〈g〉 be the normalized integral. Then k〈g〉 is
normal in k[C] if and only if tc = ct, for all c ∈ C. By [M5, Lemma
2.1] this is in turn equivalent to [α, α′] = 0 in End V . 
Corollary 3.5.2. Suppose that V is an irreducible left coideal of
C such that gV = V = V g. Then k〈g〉 is normal in k[C].
Proof. In this situation, we may take as α the left multiplication
by g, and α′ the right multiplication by g. Since this endomorphisms
commute with each other, the corollary follows from Lemma 3.5.1. 
CHAPTER 4
Braided Hopf Algebras
Let A be a semisimple Hopf algebra and let AAYD denote the braided
category of Yetter-Drinfeld modules over A. Let R be a semisimple
braided Hopf algebra in AAYD. The results in this chapter concern the
biproduct construction, as described in Section 4.1. This construction
was introduced by Radford [R2] and interpreted in categorical terms
by Majid [Mj, Mj2].
4.1. Radford-Majid biproduct construction
Denote by ρ : R→ A⊗R, ρ(a) = a−1⊗ a0, and . : A⊗R→ R, the
coaction and action of A on R, respectively. So that the Yetter-Drinfeld
compatibility condition reads as follows:
(4.1.1) ρ(h.a) = h1a−1S(h3)⊗ h2.a0, ∀a ∈ R, h ∈ A.
We shall use the notation ∆R(a) = a
1 ⊗ a2 and SR for the comultipli-
cation and the antipode of R, respectively.
Thus our assumption amounts to the following conditions:
R is an A-module and A-comodule algebra;(4.1.2)
R is an A-module and A-comodule coalgebra;(4.1.3)
∆R(ab) = a
1((a2)−1.b
1)⊗ (a2)0b
2;(4.1.4)
SR(a
1)a2 = ǫR(a)1R = a
1SR(a
2).(4.1.5)
Let H = R#A be the corresponding biproduct; so that H is a
semisimple Hopf algebra with multiplication, comultiplication and an-
tipode given by
(4.1.6)
(a#g)(b#h) = a(g1.b)#g2h, ∆(a#g) = a
1#(a2)−1g1 ⊗ (a
2)0#g2,
S(a#g) = (1#S(a−1g))(SR(a0)#1),
for all g, h ∈ A, a, b ∈ R; here we use the notation a#g to indicate the
element a⊗ g ∈ R#A. See [R2].
Consider the natural maps π : H → A, π(r#a) = ǫR(r)a, and
ι : A → H , ι(a) = 1 ⊗ a. Then π is a Hopf algebra surjection and ι is
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a Hopf algebra injection. Moreover we have πι = idA and
(4.1.7) R = Hcoπ = {h ∈ H : (id⊗π)∆(h) = h⊗ 1},
coincides, as an A-module and A-comodule algebra with the left coideal
subalgebra of right A-coinvariants in H . On the other hand, the map
id⊗ǫ : H → R induces an isomorphism of left A-module and A-
comodule coalgebras
(4.1.8) R ≃ H/HA+.
Indeed, the biproduct construction for finite dimensional Hopf algebras
is characterized by these properties. Namely, suppose that there are
Hopf algebra maps ι : A→ H and π : H → A such that πι : A→ A is
an isomorphism. Then the subalgebra R := Hcoπ of right coinvariants
of π has a natural structure of Yetter-Drinfeld Hopf algebra over A
such that the multiplication map R#A → H induces a Hopf algebra
isomorphism. This principle will be often used throughout this paper.
Typically, and mainly following the lines described in Chapter 2, we
shall encounter a Hopf subalgebra A ⊆ H and a surjective Hopf algebra
map π : H → B, where H , A and B are certain semisimple Hopf
algebras such that dimA = dimB. After an analysis of the possible
left coideal decompositions of HcoB, we shall be able sometimes to
deduce that A ∩ HcoB = k1: this property guarantees the injectivity
of π|A, and hence that π|A : A → B is an isomorphism. This will tell
us that H ≃ R#A has the structure of a biproduct and will enable
us to use the biproduct techniques that we discuss in the rest of this
chapter.
One simple instance of this situation, frequently used along this
paper, is described in the following lemma.
Lemma 4.1.9. Suppose A ⊆ H is a cocommutative Hopf subalgebra
and π : H → B is a surjective Hopf algebra map, such that dimA =
dimB and dimA is relatively prime to [H : A]. Then π|A : A → B is
an isomorphism, and H ≃ R#A is a biproduct.
Proof. It is enough to show that A ∩ Hcoπ = k1. This follows
from the assumptions, since dimA ∩ Hcoπ divides both dimA and
dimHcoπ = [H : A]. 
4.2. Coalgebra structure of R
It turns out that R is a normal left coideal subalgebra of H as
well as a quotient left H-module coalgebra through the identification
R ≃ H/HA+. Since H is also cosemisimple, R decomposes as a direct
sum R = ⊕iVi, where Vi are irreducible left coideals of H . It is clear
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that any left coideal V of H such that V ⊆ R is an A-subcomodule of
R.
The following lemma gives insight into the relationship between the
H-comodule structure and the coalgebra structure on R.
Proposition 4.2.1. Let V ⊆ R be a left coideal of H. Then the
following hold:
(i) V is a left coideal of R;
(ii) dimEndR(V ) ≤ dim V , and the equality holds if and only if V
is a subcoalgebra of R. If this is the case, and if V is an irreducible left
coideal of H, then V has multiplicity 1 as a left H-subcomodule of R.
Proof. (i) The map p = id⊗ǫ : H → R is a coalgebra surjection,
and p|R = idR. Since ∆(V ) ⊆ H ⊗ V , then ∆R(V ) = (p ⊗ p)∆(V ) ⊆
R⊗ V , showing that V is a left coideal of R.
(ii) Let V = ⊕imiVi, where Vi are simple, pairwise non-isomorphic,
left coideals of R. Thus mi ≤ dimVi, and dimEnd
R(V ) =
∑
im
2
i ≤
dimV . Moreover, dimEndR(V ) = dimV if and only if mi = dimVi,
for all i, if and only if V is a subcoalgebra of R.
Suppose now that V and U are irreducible coideals of H such that
V is a subcoalgebra of R and V ≃ U ⊆ R. Then U ≃ V as left coideals
of R. Since V is a subcoalgebra of R, this implies that U = V . The
proof of the proposition is now complete. 
Corollary 4.2.2. Suppose that V ⊆ R is a left coideal of H and
let χ be the character of V . Then we have∑
λ∈Â∗
deg λ m(λ, χ∗V χV ) ≤ dimV,
and the equality holds if and only if V is a subcoalgebra of R.
In particular, |G(A) ∩G[χ∗]| ≤ dim V .
Recall that G[χ∗] = {g ∈ G(H) : χg = χ}.
Proof. Combine Proposition 4.2.1 (ii) with Remark 3.1.3. 
Remark 4.2.3. Suppose that A = kG is a group algebra and V ⊆ R
is an irreducible left coideal of H such that dimV = |G| and V g ≃ V ,
for all g ∈ G, as in [N2, 1.3].
Then we have dimEndR V = |G| and, by Proposition 3.2.3, there is
an isomorphism of algebras (EndR V )op ≃ kαG for some α ∈ Z
2(G, k×).
On the other hand, by Proposition 4.2.1, V is a subcoalgebra of
R. So that EndR V = EndV V ≃ (V ∗)op as algebras. Whence V is
isomorphic to a dual twisted group algebra as a coalgebra. We thus
recover the statement in [N2, Proposition 1.3.1].
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4.3. Hopf subalgebras
In this section we discuss some results on the existence of proper
Hopf subalgebras in the biproduct H ≃ R#A.
Lemma 4.3.1. Suppose that R˜ ⊆ R is a subspace such that:
(1) R˜ is a subalgebra and a subcoalgebra of R;
(2) there exists a Hopf subalgebra B ⊆ A such that ρ(R˜) ⊆ B ⊗ R˜
and B.R˜ ⊆ R˜.
Then R˜ is a braided Hopf algebra over B and the biproduct R˜#B
is a Hopf subalgebra of H.
Proof. It is not hard to see that the conditions (4.1.2), (4.1.3) and
(4.1.4) are verified, so that R˜ is a braided Hopf subalgebra of R. Using
(4.1.6), we see that indeed R˜#B is a Hopf subalgebra of H . 
Remark 4.3.2. (i) Suppose that V ⊆ R is a subcoalgebra satisfying
condition (2) in Lemma 4.3.1; that is, suppose that there exists a Hopf
subalgebra B ⊆ A such that ρ(V ) ⊆ B ⊗ V and B.V ⊆ V .
Then the subalgebra k[V ] generated by V in R is both a subalgebra
and a subcoalgebra, by (4.1.4); moreover ρ(k[V ]) ⊆ B ⊗ k[V ] and
B.k[V ] ⊆ k[V ] because the multiplication of R is a comodule and
module map. Therefore, Lemma 4.3.1 implies that k[V ] is a braided
Hopf algebra over B and k[V ]#B is a Hopf subalgebra of H .
(ii) Suppose that there exists a Hopf subalgebra B ⊆ A such that
ρ(R) ⊆ B ⊗ R. Then Lemma 4.3.1 applies with R˜ = R, and we find
that R#B is a Hopf subalgebra of H .
Lemma 4.3.3. Suppose that V ⊆ R is an irreducible left coideal of
H. Then we have
(i) V is not irreducible as an A-subcomodule of R.
(ii) Assume in addition that dimV = 2 and
∑
g∈G(A) g.V generates
R as an algebra. Then ρ(R) ⊆ kG(A) ⊗ R and R#kG(A) is a Hopf
subalgebra of H.
Proof. (i) Let π := ǫ⊗ id : H → A be the canonical Hopf algebra
projection. We have ρ(V ) ⊆ A ⊗ V . Suppose on the contrary that V
is an irreducible A-subcomodule of R.
Then ρ(V ) ⊆ C0 ⊗ V , where C0 ⊆ A is a simple subcoalgebra of
dimension (dimV )2. Let C ⊆ H be the simple subcoalgebra containing
V . We have ρ(V ) = (π ⊗ id)∆(V ) ⊆ π(C) ⊗ V , where π : H → A is
the projection. Thus, C0 ⊆ π(C), and since dimC = dimC0, we find
that π|C is injective. This is absurd since π|V = ǫ|V because V ⊆ R.
(ii) By part (i), V is not irreducible as an A-comodule and therefore
ρ(V ) ⊆ kG(A)⊗V . By (4.1.1), ρ(g.V ) ⊆ kG(A)⊗g.V , for all g ∈ G(A).
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This implies, in virtue of the assumption, that ρ(R) ⊆ kG(A) ⊗ R.
Thus, by Remark 4.3.2 (ii), R is a braided Hopf algebra over kG(A)
and the biproduct R#kG(A) is a Hopf subalgebra of H . 
Assume that dimA = p3, p prime, and A is not cocommutative.
Then the index of G(A) in A is p and kG(A) in normal in A. Moreover,
the irreducible A-comodules have dimension 1 or p. See [M7]. We thus
obtain the following corollary.
Corollary 4.3.4. Let H = R#A be a biproduct, where A is a
non-cocommutative semisimple Hopf algebra of dimension p3. Suppose
that V ⊆ R is an irreducible p-dimensional left coideal of H such that∑
g∈G(A) g.V generates R as an algebra.
Then H contains a Hopf subalgebra of index p.
Proof. By Lemma 4.3.3 (i) V is not irreducible as an A-comodule;
therefore ρ(V ) ⊆ kG(A) ⊗ V . Then ρ(R) ⊆ kG(A) ⊗ R, since by
assumption the sum
∑
g∈G(A) g.V generates R. Remark 4.3.2 (ii) now
implies that R#kG(A) is a Hopf subalgebra of H . 
4.4. Biproducts over finite groups
Assume that A = kG is the group algebra of a finite group G. Thus,
R is a G-graded algebra
R =
⊕
g∈G
Rg, Rg = {r ∈ R : ρ(a) = g ⊗ a},
such that ∆R(Rg) ⊆
⊕
st=g Rs⊗Rt. The action of G is by algebra and
coalgebra automorphisms, and we have
(4.4.1) h.Rg = Rhgh−1,
for all g, h ∈ G. The braiding τR,R : R ⊗R→ R ⊗R is given by
(4.4.2) τR,R(a⊗ b) = (g.b)⊗ a, ∀a ∈ Rg, b ∈ R.
Let SuppR ⊆ G denote the set of elements g ∈ G such that Rg 6= 0.
Let also GR denote the subgroup of G generated by SuppR.
Lemma 4.4.3. GR is a normal subgroup of G. Moreover, R is a
Yetter-Drinfeld Hopf algebra over GR with respect to the coaction ρ
and the restricted action of GR on R, and the biproduct R#kGR is a
normal Hopf subalgebra in R#kG.
Proof. It follows from (4.4.1) that GR is normal in G. By Remark
4.3.2 (ii), R#kGR is a Hopf subalgebra of R#kG. It is normal thanks
to (4.1.6). See [Mo2]. 
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The following lemma will help to find, in certain cases, normal Hopf
subalgebras of Hopf algebras obtained as biproducts.
Lemma 4.4.4. (i) Suppose that G contains a normal subgroup N
such that N acts trivially on R. Then the group algebra kN is a normal
Hopf subalgebra in H.
(ii) Assume that R is cocommutative and let n = dimR. If |G| does
not divide (n − 1)! then there exists a subgroup 1 6= N of G such that
the group algebra kN is normal in H.
Proof. (i) Since N acts trivially on R, then ha = ah in H , for
all h ∈ N , a ∈ R. On the other hand, the Yetter-Drinfeld condition
(4.4.1) implies that N ⊆ ZG(GR).
Note the following consequence of (4.1.6):
(4.4.5) ada#g(b#h) =
(
a1#a2−2
) (
g.b#ghg−1S(a2−1)
) (
SR(a
2
0)#1
)
.
In particular, for all h ∈ N , we have
ada#g(h) = a
1
(
a2−2(ghg
−1)S(a2−1)
)
SR(a
2
0)
= a1(ghg−1)SR(a
2) = ǫ(a)ghg−1 ∈ kN ;
the second equality because ghg−1 ∈ N ⊆ ZG(GR). This proves (i).
(ii) Since G acts on R by coalgebra automorphisms fixing 1 ∈ G(R),
then G permutes the set X = G(R)\{1}. This corresponds to a group
homomorphism f : G→ S(X), where S(X) is the group of all permu-
tations of X . Let N be the kernel of f . By assumption N 6= 1 and N
acts trivially on R. Then the claim follows from part (i). 
Proposition 4.4.6. Suppose that dimR = 3 or 4. Then either H
or H∗ contains a proper normal cocommutative Hopf subalgebra.
Proof. In this case, R is necessarily cocommutative. By Lemma
4.4.4, we may assume that |G| = 2 if dimR = 3 and |G| = 6, 3 or 2 if
dimR = 4. In view of [M4] and [F], it remains to consider the case
where |G| = 6, dimR = 4. In this case, X = G(R)\{1} has three
elements and we may assume that G ≃ S(X) is not abelian; so that
dimH = 24 and |G(H)| is divisible by 6. We may then also assume
that H is not trivial and |G(H)| 6= 12. Therefore G = G(H) and H is
of type (1, 6; 3, 2) as a coalgebra. The proposition will follow from the
following claim.
Claim. The group G is abelian.
Proof of the Claim. We have that [H : G] = 4 and dimR(H∗) = 8.
Consider the inclusion kG ⊆ R(H∗). If G is not abelian, then R(H∗) ≃
M2(k)× k
(4) as an algebra, and a complete set of orthogonal primitive
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idempotents of kG is of the form e0, e1, f0, f1, where dimHei = 4 and
dimHfj = 8. Moreover, f0, f1 are not central.
The Kac-Zhu Theorem implies that R(H∗) has a primitive idempo-
tent e with dimHe = 2, and by [Z2] D(H) has an irreducible character
of degree 2. By Proposition 2.3.1 |G(D(H)∗)| 6= 1. In view of [R], this
implies that the subgroup of the group G(D(H)) = G(H∗)×G(H) con-
sisting of elements which are central in D(H) is not trivial. We may
assume that the elements of this group are of the form η ⊗ g, where
g 6= 1 if η 6= ǫ. Thus Z(G) 6= 1 and the claim follows. 
4.5. Cocommutative braided Hopf algebras
Suppose that R is a cocommutative coalgebra, that is, a1 ⊗ a2 =
a2 ⊗ a1, for all a ∈ R; so that all irreducible R-comodules are one-
dimensional.
Lemma 4.5.1. Let V ⊆ H = R#kG be an irreducible left coideal of
dimension dimV > 1 and let χ = χV ∗. Then G[χ] ∩G 6= 1.
Proof. As coalgebras, R ≃ H/H(kG)+. Let C ⊆ H be the simple
subcoalgebra containing V . Then the (right) stabilizer of C in G is
G[χ] ∩G. Consider the corestriction V of V to R as in Chapter 3.
By Corollary 3.3.2, the image of C under the canonical projection
H → H/H(kG)+ is isomorphic to C/C(k(G[χ] ∩G))+. Therefore, ap-
plying Proposition 3.2.3 with A = k(G[χ]∩G), we find an isomorphism
of algebras (EndR V )op ≃ kα(G[χ] ∩ G), where α ∈ Z
2(G[χ] ∩ G, k×).
Since dimV > 1, V cannot be irreducible. Therefore |G[χ] ∩ G| 6= 1
and the lemma follows. 
Proposition 4.5.2. Let |G| = qr, where q is a prime number and
r > 0. Then q divides the dimension of V , for all irreducible left
coideals V of H such that dimV > 1.
Assume in addition that R ∩G(H) = 1. Then dimR = 1 mod q.
Proof. Let V be an irreducible left coideal of H of dimension
dimV > 1. It follows from Lemma 4.5.1 that G[χV ]∩G 6= 1 and since
G[χV ] ∩G ⊆ G, we find that q divides |G[χV ] ∩G|.
Since |G[V ]| divides the dimension of V , it follows that q/ dimV .
Suppose now that R∩G(H) = 1. Observe that R∩G(H) coincides
with the set G(R)co ρ of coinvariant group-like elements in R.
Since R decomposes as a direct sum of irreducible left coideals of
H : R = k1⊕ V1 ⊕ · · · ⊕ Vm, and by the assumption dim Vj > 1, for all
j = 1, . . . , m, the last claim follows. 
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4.6. Cocommutative braided Hopf algebras over Zp
We begin this section by reviewing some of the results in [So],
concerning the classification of cocommutative cosemisimple braided
Hopf algebras over groups of prime order, that will be used later. We
then show some applications.
The braided Hopf algebra R is called trivial if the braiding τR,R :
R⊗R→ R⊗R is the canonical flip of vector spaces, i.e., τR,R(a⊗ b) =
b⊗ a, for all a, b ∈ R. See [So, Definition 1.1].
By [Sb] R is trivial if and only if R is a (usual) Hopf algebra; that
is, if and only if ∆R(ab) = a
1b1 ⊗ a2b2, for all a, b ∈ R.
Let p be a prime number and let Zp denote the cyclic group of
order p. Let R be a braided semisimple Hopf algebra over Zp. Suppose
that R is a cocommutative coalgebra. It is shown in [So, Proposition
7.2] that if R is nontrivial, then p divides the dimension of R. More
precisely, we have the following proposition.
Proposition 4.6.1. Let H = R#kZp such that H is not cocom-
mutative. Suppose that R is cocommutative. Then we have:
(i) Assume that R is trivial. Then H fits into an abelian central
extension
(4.6.2) 0→ kZp → H → R→ 1.
(ii) Assume that R is not trivial. Then there are exact sequences of
Hopf algebras
1→ kZp → H → kF ⊗ kZp → 1,(4.6.3)
1→ kZp ⊗ kZp → H → kF → 1,(4.6.4)
for a certain group F .
Proof. (i) Since R is cocommutative and trivial, it is isomorphic
as a Hopf algebra to a group algebra R ≃ kΓ and the action and
coaction of Zp on R correspond, respectively, to actions by group au-
tomorphisms Zp → AutΓ. By [So, Proposition 1.11], either the action
or the coaction of Zp on R must be trivial. If the coaction is trivial, it
follows from (4.1.6) that H is cocommutative, against the assumption.
Therefore the action is trivial, and again by (4.1.6), we find that the
coalgebra surjection π = id⊗ǫ : H → R is indeed a Hopf algebra sur-
jection; moreover, we have kZp = H
coπ. Therefore, π gives rise to an
abelian central extension (4.6.2).
(ii) By [So, Theorems 7.7 and 7.8], R is isomorphic to a crossed
product kZp#σkF , where F is a finite group, with ’diagonal’ action and
coaction of kZp. These braided Hopf algebras fit into the construction
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described in Section 3 of [AN3]. Therefore, by [AN3, Proposition 3.7],
there are exact sequences of Hopf algebras (4.6.3) and (4.6.4). 
As an application, we shall give in the following theorem a classi-
fication result for certain semisimple Hopf algebras. A stronger result
(without the assumption on |G(H∗)|) is proved in [IK, Corollary IX.9]
in the context of Kac algebras.
Theorem 4.6.5. Suppose that H is of type (1, 2; 2, n) as a coalgebra.
Assume in addition that |G(H∗)| is even. Then H is commutative.
Proof. We have dimH = 2(2n+1). In particular, since 4 does not
divide dimH , it follows from Theorem 2.2.1 that every irreducible char-
acter of degree 2 is stable under left multiplication by G(H). There-
fore, by Remark 3.2.7, H/H(kG(H))+ is a cocommutative coalgebra.
By assumption, G(H∗) contains a subgroup Γ ≃ Z2, and the projection
q : H → kΓ restricts injectively to kG(H) ≃ kZ2, because dimH
co q =
2n + 1 is odd. Hence H := R#kZ2, where R ≃ H/H(kG(H))
+ is
a cocommutative Yetter-Drinfeld Hopf algebra of odd dimension. By
Proposition 4.6.1, since H is not cocommutative, H fits into an exact
sequence 1 → kZ2 → H → R → 1, where R is a cocommutative Hopf
algebra. Hence R = kF , where F is a group of order 2n+ 1.
Claim 4.6.6. The group F is abelian.
Proof. By dualizing, we get an exact sequence 1 → kF → H∗ →
kZ2 → 1. Therefore, as an algebra, H
∗ is isomorphic to a crossed
productH∗ ≃ kF#τkZ2, corresponding to an action⇀: kZ2×k
F → kF
and a 2-cocycle τ : Z2×Z2 → k
F . By [N], we may assume that τ = 1.
The action is in this case of the form g ⇀ δx = δg⊲x, for all g ∈ Z2,
x ∈ F , where ⊲ : Z2 × F → F is an action by group automorphisms
(because the extension is cocentral, see [N]). By Clifford theory, the
irreducible H∗-modules are exactly of the form Vx,U = Ind
H∗
kF#kGx
kx⊗
U , where x ∈ F runs over a system of representatives of the orbits of
Z2 in F , Gx is the stabilizer of x in Z2 and U runs over all irreducible
nonisomorphic kGx-modules. Note that dimVx,U = [Z2 : Gx]. The
assumption on the coalgebra structure of H implies that the action
⊲ : Z2 × F → F has exactly one fixed point x = 1.
Let φ ∈ AutF , φ(x) = g ⊲ x, where 1 6= g ∈ Z2. Then g is an
automorphism of order 2, with exactly one fixed point x = 1. This
implies that F is abelian and moreover g ⊲ x = x−1, for all x ∈ F . 
The proof of the theorem can be now concluded as follows: we
have a Hopf algebra inclusion kF ⊆ H∗. Since the group F is abelian,
kF = kF̂ is cocommutative, and thus 2n+1 divides the order of G(H∗).
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Since by assumption the order of G(H∗) is even, then |G(H∗)| = dimH
and H∗ = kG(H∗) is cocommutative. One could alternatively use the
more general statement on abelian exact sequences that we prove in
Lemma 4.6.7 below. 
Lemma 4.6.7. Suppose that H fits into an exact sequence
1→ kZ2 → H → kF → 1,
where F is an abelian group of odd order. Assume in addition that H
is of type (1, 2; 2, n) as a coalgebra. Then H is commutative.
Proof. Note that the exact sequence is necessarily central, by the
dual version of Corollary 1.4.3. Hence, in the associated matched pair
(Z2, F ), the action ⊳ : Z2×F → Z2 is trivial and the action ⊲ : Z2×F →
F is by group automorphisms.
As an algebra, H ≃ kZ2#σkF is a crossed product for the trivial
action corresponding to ⊳ and for some 2-cocycle σ : F ×F → kZ2 , and
as a coalgebra H ≃ kF#τkZ2 with respect to the action of Z2 on k
F
corresponding to ⊲ and the trivial cocycle τ ; see [N].
To establish the lemma, it will be enough to show that the cocycle
σ is a coboundary, that is, it is symmetric.
Let g be the generator of Z2. The assumption on the coalgebra
structure of H implies, as in the proof of Theorem 4.6.5, that g acts
on F by g ⊲ x = x−1 for all x ∈ F . Write
σ(x, y) = σ1(x, y)δ1 + σg(x, y)δg, x, y ∈ F,
where δ1, δg ∈ k
Z2 are the canonical idempotents. The normalized
cocycle condition for σ implies that σg : F × F → k
× is a 2-cocycle
and σ1 = 1 [M]. Moreover, the compatibility condition in [M, (4.8)]
between σ and the trivial cocycle τ implies that
σg(x, y)σg(x
−1, y−1) = 1, ∀x, y ∈ F.
So that σg(x
−1, y−1) = σg(x, y)
−1, for all x, y ∈ F . But the 2-cocycle
β : F×F → k×, β(x, y) := σg(x
−1, y−1) is cohomologous to σg, because
of the injectivity of the map
φ : H2(F, k×)→ Hom(Λ2(F ), k×), φ([α])(x, y) := α(x, y)α(y, x)−1.
Hence, in H2(F, k×), we have [σg] = [β] = [σg]
−1, implying that
[σg]
2 = 1, and a fortiori that [σg] = 1 since the order of F is odd. This
finishes the proof of the lemma. 
The following more general form of Lemma 4.6.7 was suggested by
a comment of the referee.
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Corollary 4.6.8. Suppose that H is of type (1, 2; 2, n) as a coal-
gebra. Assume in addition that H fits into an exact sequence
1→ kZ2 → H → K → 1,
where K is a Hopf algebra of odd dimension. Then K is cocommutative
and H is commutative.
Proof. Note first that K is cocommutative: this follows from Re-
mark 3.2.7, since K ≃ H/H(kG(H))+, and all simple subcoalgebras
of dimension 4 are necessarily stable under left and right multiplica-
tion by G(H). Thus K ≃ kF , for some group F of odd order. In
view of Lemma 4.6.7 the corollary will follow if we show that K is
also commutative. We do this as follows: consider the matched pair
(Z2, F ) associated with H . As in the proof of Claim 4.6.6 we see that
the assumption on the coalgebra structure of H implies that the action
⊲ : Z2 × F → F is by group automorphisms and cannot have fixed
points x 6= 1. Then the group is abelian, and K is commutative. 
4.7. Transitive actions of central subgroups
We shall assume in this section that R contains a cocommutative
subcoalgebra V such that ρ(V ) ⊆ kG⊗ V . As before, we shall use the
notation GV to indicate the subgroup of G generated by Supp V . We
have ρ(V ) ⊆ kGV ⊗ V and there is a basis v1, . . . , vn of V such that
ρ(vi) = gi ⊗ vi, where gi ∈ Supp V , ∀i = 1, . . . , n.
Lemma 4.7.1. Suppose that there exists a central subgroup S of G
with the property that S permutes transitively the set G(V ). Then GV
is an abelian subgroup of G of order ≤ dimV .
Proof. Let G(V ) = {a1, . . . , an}. Since G(V ) is a basis of V , we
may write ρ(ai) =
∑
j tij ⊗ aj , for some tij ∈ kG. As a consequence of
the kG-colinearity of ∆R we get the following relations:
(4.7.2) tijtil = δjltij, ∀1 ≤ i, j, l ≤ n.
On the other hand, the coassociativity of ρ implies that, for all p =
1, . . . , n, the subspace Rp spanned by the set {tpj : 1 ≤ j ≤ n} is a
right coideal of kG; by definition, we have kGV =
∑
pRp.
The assumption on S implies that Rp = Rj , for all 1 ≤ p, j ≤ n.
Fix p, and let ej := tpj , 1 ≤ j ≤ n. By (4.7.2) we get that kGV , which
is spanned by {ej}, is a commutative subalgebra of kG of dimension
≤ n. This proves the lemma. 
CHAPTER 5
Cocycle Deformations of Some Hopf Algebras
In this chapter, we describe some known examples of semisimple
Hopf algebras as cocycle twists of group algebras. We also show that
some others cannot be obtained in this fashion.
5.1. Lifting from abelian groups
Let G be a finite group and let φ ∈ kG ⊗ kG be a normalized
invertible 2-cocycle. The following lemma is a consequence of [EG5].
Lemma 5.1.1. The Hopf algebra (kG)φ is cocommutative if and only
if there exist a normal abelian subgroup A ⊆ G and an adG-invariant
cohomology class [ω] ∈ H2(Â, k×) such that
(5.1.2) φ =
∑
x,y∈Â
ω(x, y)δx ⊗ δy ∈ A⊗A,
where, for x ∈ Â, the element δx ∈ A is the primitive idempotent
defined by δx :=
1
|A|
∑
a∈A x(a)a.
Proof. Note that (kG)φ is cocommutative if and only if φφ
−1
21 com-
mutes with ∆(G). The ’if’ direction follows from this observation and
the invariance of [ω]. The ’only if’ part follows from [EG5, Proof of
Theorem 1.3]. 
Remark 5.1.3. Suppose that the 2-cocycle φ has the form (5.1.2).
Then we say that φ is lifted from the (not necessarily normal) abelian
subgroup A; see [Nk].
Suppose that φ is lifted from the normal abelian subgroup A. Recall
the isomorphism
θ : H2(Â, k×)→ Hom(Λ2(Â), k×), θ([σ])(x, y) = σ(x, y)σ(y, x)−1.
This isomorphism commutes with the adG-action (i.e., the action com-
ing from the adjoint action of G on A).
Then (kG)φ is cocommutative if and only if [ω] is adG-invariant in
H2(Â, k×).
In the rest of this chapter p and q will be distinct prime numbers.
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5.2. Examples in dimension pq2; p = 1 mod q
Suppose that p = 1 mod q. Let Ai, 0 ≤ i ≤ q−1 be the nontrivial
semisimple Hopf algebras constructed in [G]. The Hopf algebras Ai
are self-dual and we have G(A0) ≃ Zq × Zq, while G(Ai) ≃ Zq2 for all
i = 1, . . . , q − 1; see [AN].
Let F = 〈a : ap = 1〉 be the cyclic group of order p and let
Γ = 〈s, t : sq = tq = sts−1t−1 = 1〉 ≃ Zq × Zq.
Let 1 < m, l ≤ p − 1 be units modulo p such that mq = lq = 1
mod p. Consider the semidirect product G = F ⋊ Γ corresponding to
the action by group automorphisms of Γ on F defined on generators
by s.a = am and t.a = al.
Let ω ∈ Z2(Γ̂, k×) be a nontrivial 2-cocycle; in particular, the coho-
mology class [ω] generates H2(Γ̂, k×) = Hom(Λ2Γ̂, k×) ≃ Zq. Consider
the invertible normalized 2-cocycle φ =
∑
x,y∈Γ ω(x, y)δx⊗δy ∈ kΓ⊗kΓ.
The following proposition generalizes [Nk, Example 2.9]. It also
follows from the results in [M5, Theorem 4.8] in the case where p = 3
and q = 2.
Proposition 5.2.1. (i) A0 ≃ (kG)φ as Hopf algebras;
(ii) Let 1 ≤ i ≤ q−1. Then the Hopf algebras Ai cannot be obtained
from a group algebra by twisting the comultiplication by means of a 2-
cocycle.
Proof. (i) We claim that the Hopf algebra (kG)φ is nontrivial.
Note that the twisted group algebra kωΓ is simple; so that φ is a min-
imal twist for kΓ in the sense of [EG4]. Therefore we have
kΓ = {(f ⊗ id)(b); f ∈ kΓ},
where b = φ−121 φ ∈ kΓ⊗ kΓ.
Suppose that (kG)φ is cocommutative. This is equivalent to the
condition b∆(g) = ∆(g)b, for all g ∈ G, or
gb1g−1 ⊗ gb2g−1 = b1 ⊗ b2, ∀g ∈ G.
Regard Γ̂ as a subgroup of Ĝ by transposing the natural projection
G → Γ. For all f ∈ Γ̂, after applying f ⊗ id to both sides of the
above equation, we have g(f(b1)b2)g−1 = f(b1)b2. Since Γ̂ spans kΓ,
this implies that Γ is central in G, which is a contradiction. This
establishes the claim.
Since Γ is abelian and φ ∈ kΓ ⊗ kΓ, it follows G((kG)φ) = Γ. We
know that (kG)φ and (kG)
∗
φ are of Frobenius type [EG3]. Therefore,
by the classification results for semisimple Hopf algebras of dimension
pq2 [N3, Theorem 5.4.2], (kG)φ ≃ A0 as claimed.
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(ii) In this case we have G(Ai) ≃ Z4. Suppose on the contrary that
Ai = (kN)J , for some group N and 2-cocycle J ∈ kN⊗kN . By [EG4]
there exists a subgroup H of N such that J ∈ kH ⊗ kH is a minimal
twist for kH . In particular, |H| is a square and therefore |H| = q2. This
forces H ≃ Zq × Zq in view of the minimality of J . But then kH ⊆
(kN)J is a Hopf subalgebra of dimension q
2, necessarily isomorphic to
kG(Ai). This is a contradiction. Thus part (ii) follows. 
5.3. Examples in dimension pq2; q = 1 mod p
Suppose that q = 1 mod p. There is a family of Hopf algebras of
dimension pq2, constructed in [N] as a generalization of the examples
in [M3]. This family is parametrized by the Hopf algebras Bλ, 0 ≤ λ <
p− 1, where λλ′ 6= 1 mod p.
We have G(Bλ) ≃ Zq × Zq for all λ, |G(B
∗
λ)| = p for λ > 0, and
G(B∗0) ≃ Zpq.
Let F and Γ be as before. Let G = Gλ be the semidirect product
Γ⋊F with respect to the action of F on Γ given by a.s = sn, a.t = tn
λ
,
where 0 < n ≤ q − 1 is such that np = 1 mod q, and 0 ≤ λ < p− 1.
Let [ω] ∈ H2(Γ̂, k×) be the 2-cocycle corresponding to the skew-
symmetric non-degenerate bicharacter Ω : Γ̂ × Γ̂ → k×, Ω(u, v) =
det(uv).
We have Ω(a.u, a.v) = nλ+1Ω(u, v). Therefore, the bicharacter Ω,
and hence also the class [ω] is not adG-invariant.
Consider the 2-cocycle φ ∈ kG ⊗ kG lifted from Γ as in Remark
5.1.3, corresponding to ω.
Proposition 5.3.1. (i) Bλ ≃ (kGλ)φ as Hopf algebras;
(ii) The Hopf algebras B∗λ are not a cocycle deformation of any finite
group.
In the case where p = 2, part (i) of the proposition is contained in
[M10, Proposition 3.2].
Proof. Part (i) follows from the above discussion, in view of the
classification results for semisimple Hopf algebras of dimension pq2 and
the description in [N, 1.4].
Part (ii) follows from an argument similar to the one used to prove
part (ii) of Proposition 5.2.1, since B∗λ contains no Hopf subalgebra of
square dimension. 
5.4. Normal Hopf subalgebras in cocycle twists
Let H be a semisimple Hopf algebra and let φ ∈ (H ⊗ H)× be a
2-cocycle.
5.4. NORMAL HOPF SUBALGEBRAS IN COCYCLE TWISTS 45
Lemma 5.4.1. Let B ⊆ H be a Hopf subalgebra of H. Then B is
a Hopf subalgebra of Hφ if and only if φ(B ⊗ B)φ
−1 = B ⊗ B. In this
case, B is normal in H if and only if it is normal in Hφ.
Note that the Hopf algebra structure on B as a Hopf subalgebra of
Hφ is not a priori that of a 2-cocycle twisting of B, since we may not
have φ ∈ B ⊗ B.
Proof. The first part of the lemma follows easily. As for the sec-
ond part, recall that B is normal in H if and only if HB+ = B+H ,
which depends only on the multiplication and the counit of H . 
The following corollary is an easy consequence of the lemma.
Corollary 5.4.2. Suppose that B ⊆ H is a central Hopf subalge-
bra. Then B is a central Hopf subalgebra of Hφ. 
In particular, let G be a finite group and let φ ∈ kG ⊗ kG be a
two cocycle. Then if Z(G) 6= 1, (kG)φ contains a nontrivial central
group-like element.
The remaining chapters will be devoted, respectively, to the proof
of our main results on semisimple Hopf algebras of dimension 24, 30,
36, 40, 42, 48, 54 and 56.
CHAPTER 6
Dimension 24
6.1. Possible (co)-algebra structures
Let H be a nontrivial semisimple Hopf algebra of dimension 24.
Lemma 6.1.1. The group G(H∗) is of order 2, 3, 4, 6, 8 or 12. As
an algebra, H is of one of the following types:
• (1, 2; 2, 1; 3, 2),
• (1, 3; 2, 3; 3, 1),
• (1, 4; 2, 5),
• (1, 4; 2, 1; 4, 1),
• (1, 6; 3, 2),
• (1, 8; 2, 4),
• (1, 8; 4, 1),
• (1, 12; 2, 3).
We shall prove later that the type (1, 4; 2, 1; 4, 1) is impossible, that
is, there exists no semisimple Hopf algebra with this (co)algebra struc-
ture; see Lemma 6.1.7 below. The analogous result for Kac algebras
follows from [IK, Proposition XIV.37], since there is no group G for
which kG has this algebra structure.
Proof. The proof follows from counting arguments using 1.1. 
Remark 6.1.2. (i) If H is of type (1, 12; 2, 3) as an algebra, then
H is not simple by Corollary 1.4.3.
(ii) Suppose that H is of type (1, 2; 2, 1; 3, 2) as an algebra. Then
H has a unique irreducible character χ of degree 2, which necessarily
satisfies (2.1.2) with G(H∗) = {ǫ, g}. Therefore there is a quotient Hopf
algebra H → kS3, where S3 is the only non-abelian group of order 6.
(iii) Suppose that H is of type (1, 4; 2, 5) or (1, 4; 2, 1; 4, 1) as a coal-
gebra. Then, by Proposition 2.1.3, H contains a non-cocommutative
Hopf subalgebra of dimension 8.
Lemma 6.1.3. Suppose that H is of type (1, 3; 2, 3; 3, 1) as a coal-
gebra. Then G(H∗) ∩ Z(H∗) 6= 1.
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Proof. It follows from Remark 2.2.2 (i) that H has a Hopf sub-
algebra K of dimension 12. Since the index of K in H is 2, then
G(H∗) ∩ Z(H∗) 6= 1. 
Lemma 6.1.4. Assume that H is of type (1, 6; 3, 2) as a coalgebra.
Then H is not simple.
Proof. Suppose on the contrary that H is simple. Then H must
be of type (1, 2; 2, 1; 3, 2) or (1, 6; 3, 2) as an algebra. Otherwise, by
Lemma 6.1.1, Remark 6.1.2 and Lemma 6.1.3, there is a Hopf algebra
quotient H → H , where dimH = 8. Therefore dimHcoH = 3. Decom-
posing HcoH as a direct sum of irreducible left coideals of H (of dimen-
sion 1 or 3), we find that HcoH ⊆ kG(H) and thus HcoH = kT ≃ kT is
a Hopf subalgebra, where T is the unique subgroup of G(H) of order
3; this implies that H is not simple.
Therefore, there is a quotient Hopf algebra π : H → A, where A is
of dimension 6. We have dimHcoπ = 4, implying that Hcoπ = k1⊕ V ,
where V is an irreducible left coideal of dimension 3. It follows that
the restriction π|kG(H) : kG(H)→ A is an isomorphism. In particular,
A ≃ kG and H ≃ R#kG is a biproduct, where G = G(H). The lemma
follows from Proposition 4.4.6. 
Lemma 6.1.5. Suppose that H is simple. If H has a Hopf subalgebra
of dimension 8, then H is of type (1, 2; 2, 1; 3, 2) as an algebra.
Proof. By assumption, there is a Hopf algebra quotient H∗ → B,
where dimB = 8; so that dim(H∗)coB = 3 and thus (H∗)coB = k1 ⊕
V as a left coideal of H∗, where V is an irreducible left coideal of
dimension 2.
Suppose that H is not of the claimed type as an algebra. In view
of Lemma 6.1.1 and the previous lemmas, there is a Hopf subalgebra
A ⊆ H∗, with dimA = 8. We have A ∩ (H∗)coB = k1, unless V ⊆
A. However, the last possibility implies that (H∗)coB ⊆ A, which
contradicts Lemma 1.3.4. Therefore, H∗ = R#A is a biproduct, where
R is a 3-dimensional Yetter-Drinfeld Hopf algebra over A.
By Corollary 4.3.4 and Proposition 4.4.6, H is not simple in this
case. Thus H is of type (1, 2; 2, 1; 3, 2), as claimed. 
Corollary 6.1.6. Suppose that H is of coalgebra type (1, 8; 2, 4)
or (1, 8; 4, 1). Then H is not simple.
Proof. In both cases we have |G(H)| = 8. By Lemma 6.1.5 and
Remark 6.1.2 (ii) we may assume that there is a Hopf algebra quotient
q : H → B, where dimB = 6. Since dimHcoB = 4, then dimHcoB ∩
kG(H) = 2 or 4. The last possibility implies that H is not simple, and
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the first one implies that dim q(kG(H)) = 4 which contradicts [NZ].
This proves the corollary. 
Lemma 6.1.7. There exists no semisimple Hopf algebra with coal-
gebra type (1, 4; 2, 1; 4, 1).
Proof. Suppose on the contrary thatH is of type (1, 4; 2, 1; 4, 1) as
a coalgebra. The set of irreducible characters of H∗ consists of G(H),
one irreducible character λ of degree 2 and one irreducible character ψ
of degree 4. Then G(H) and λ span a standard subalgebra of R(H∗),
which corresponds to the Hopf subalgebra B ⊆ H , with dimB = 8. By
[M4], B is isomorphic to H8 or to k
G, where G is either the dihedral
or the quaternionic group of order 8.
It is not hard to see that the fusion rules in R(H∗) are determined
by λ2 =
∑
g∈G(H) g, ψ
2 =
∑
g∈G(H) g + 2λ+ 2ψ; in particular, we have
gψ = ψ = ψg, for all g ∈ G(H), and λψ = 2ψ = ψλ.
Claim 6.1.8. B is commutative.
Proof. Let C ⊆ H be the 16-dimensional simple subcoalgebra
corresponding to ψ. By Remark 3.2.2 the fusion rules for Ĥ∗ imply
that BC = C = CB. Let C = C/CB+; so that C is a cocommutative
coalgebra of dimension 2.
By Corollary 3.2.5 there is a bijective correspondence between sim-
ple C-comodules and simple Bα-modules, for some invertible normal-
ized 2-cocycle α : B ⊗B → k.
Suppose that B is not commutative; so that B ≃ H8 is the unique
nontrivial semisimple Hopf algebra of dimension 8. It follows from [M5,
Theorem 4.8 (1)] that any Galois object of B is trivial; so that Bα ≃ B
as B-comodule algebras. This is impossible since B has more than 2
non-isomorphic simple modules. Hence B must be commutative. 
We have B ≃ kG, where G is not abelian of order 8. If B is normal
in H , then H fits into an abelian extension 1 → kG → H → kF → 1,
where F is the cyclic group of order 3.
Consider the associated matched pair ⊲ : G×F → F , ⊳ : G×F →
G; see [M]. There exists a subgroup G0 of G, with |G0| = 4, which
acts trivially on F . The compatibility conditions between ⊲ and ⊳
imply that G0 is stable under the action of F . This implies, in view of
formulas (4.2) and (4.5) in [M], that the subspace A0 = k
F ⊗ kG0 is a
Hopf subalgebra of H∗ of dimension 12, necessarily normal.
We have H ≃ kG#σkF is a crossed product, and the irreducible
H-modules are of dimension 1 or 3. We may assume H is not com-
mutative, since otherwise H∗ = k(F ⋊ G) would have no irreducible
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modules of dimension 4. By Lemma 6.1.1, H∗ is of type (1, 6; 3, 2) as a
coalgebra. Hence A0 is commutative, and H
∗ fits into an abelian exten-
sion 1→ A0 → H
∗ → kZ2 → 1. Then the irreducible H-comodules are
of dimension 1 or 2. In particular, H∗ cannot have irreducible modules
of dimension 4. This shows that B is not normal in H .
Claim 6.1.9. H is of type (1, 2; 2, 1; 3, 2) as an algebra.
Proof. Since B is not normal in H , then (H∗)coB
∗
= k1 ⊕ V ,
where V is an irreducible left coideal of dimension 2. Suppose H is
not of type (1, 2; 2, 1; 3, 2). Combining Theorem 2.5.1 with Lemma
6.1.1, we see that the possible coalgebra types for H∗ are (1, 4; 2, 5)
and (1, 8; 2, 4).
By Remark 6.1.2, H∗ contains a Hopf subalgebra K of dimension 8.
By Lemma 1.3.4, K∩(H∗)coB
∗
= k1. Hence K ≃ B∗ is cocommutative
and H∗ is a biproduct H∗ ≃ R#K, where dimR = 3.
By Lemma 4.4.4, there exists a normal subgroup 1 6= N ⊆ G(K)
such that N commutes with R. Since |G(K)| = 8, N ⊆ Z(G(K)); so
that N commutes also with K. Therefore N is central in H∗, and H∗
has a central group-like element of order 2. This is a contradiction,
since H has no Hopf subalgebra of dimension 12. Hence H is of type
(1, 2; 2, 1; 3, 2) as an algebra, as claimed. 
The irreducible characters of degrees 1 and 2 belong to a commu-
tative Hopf subalgebra A ⊆ H∗.
Claim 6.1.10. A is normal in H∗.
Proof. Consider the projection q : H∗ → kG(H). Then we have
dim(H∗)co q = 6. Suppose that A is not normal. Then q is not normal,
and G(H∗) ∩ (H∗)co q = 1. Let 1 6= g ∈ G(H∗). Thus there exists
s ∈ G(H) such that 〈g, s〉 6= 1. Therefore, we must have HcoA
∗
=
k1 ⊕ kt⊕ V , where V is an irreducible left coideal of dimension 2. In
particular, HcoA
∗
= BcoA
∗
⊆ B.
Since [H : B] = 3, it follows from Lemma 2.3.2 and Proposition
2.3.1 that G(D(H)∗) 6= 1; hence H has a one dimensional Yetter-
Drinfeld module.
Note that G(H∗)∩Z(H∗) = 1 and G(H)∩Z(H) = 1, since neither
H nor H∗ contain Hopf subalgebras of dimension 12.
By Lemma 1.6.1, a one dimensional Yetter-Drinfeld module of H
is of the form Va,g, for some 1 6= a ∈ G(H). Consider the projection
q : H → k〈g〉. Since B is commutative, a−1ha = h, for all h ∈ Bco q. By
Theorem 1.6.4, Bco q is a Hopf subalgebra of B, which is a contradiction.

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The above claim implies that H∗ fits into the abelian extension
1→ kG → H∗ → kF → 1,
where G ≃ S3 and F ≃ Z2 × Z2.
Then H∗ is isomorphic to a crossed product kG#σkF as an alge-
bra. Using Clifford theory, we know that the isomorphism classes of
irreducible modules of H∗ are exactly the classes of the modules
Vx,ρ := Ind
H∗
kG#kαFx
x⊗ ρ,
where x runs over a system of representatives of the action of F in G,
Fx ⊆ F is the stabilizer of x, and ρ is an irreducible representation of
a twisted group algebra kαFx.
We have dim Vx,ρ = dim ρ[F : Fx]. The assumption on the coalgebra
structure of H implies that dimVx,ρ = 4, for some x ∈ G. This implies
that [F : Fx] = 4 (because we cannot have [F : Fx] = dim ρ = 2).
Hence, the orbit of x has 4 elements, and there must exist 1 6= y ∈ G
such that Fy = F . This implies that |G(H)| = 8 and gives a contra-
diction. This contradiction shows that H cannot have this coalgebra
structure and finishes the proof of the lemma. 
Lemma 6.1.11. Assume that H is of type (1, 2; 2, 1; 3, 2) as a coal-
gebra. Then H is not simple.
Proof. Suppose on the contrary that H is simple. By previous
lemmas, H∗ is of type (1, 4; 2, 5) or (1, 2; 2, 1; 3, 2) as a coalgebra.
Claim 6.1.12. H∗ is of type (1, 4; 2, 5) as a coalgebra.
Proof. Suppose not. Then H∗ is of type (1, 2; 2, 1; 3, 2).
Hence, there is a Hopf algebra quotient q : H → B, where dimB =
6 and B is cocommutative; in particular, dimHcoB = 4. On the other
hand, H contains a unique Hopf subalgebra A of dimension 6 which is
not cocommutative and such that G(H) ⊆ A.
As a left coideal ofH , HcoB = kG(H)⊕V , where V is an irreducible
left coideal of dimension 2, or else HcoB = k1 ⊕ W , where W is an
irreducible left coideal of dimension 3.
The first possibility implies HcoB ⊆ A, which contradicts Lemma
1.3.4. The second possibility implies that A∩HcoB = k1 and therefore
the restriction q|A : A → B is an isomorphism. This is impossible,
since A is not cocommutative. Hence the claim follows. 
By Remark 6.1.2 (iii), there is a Hopf subalgebra B ⊆ H∗ of coal-
gebra type (1, 4; 2, 1).
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Since [H∗ : B] = 3, it follows from Lemma 2.3.2 and Proposition
2.3.1, G(D(H)∗) 6= 1. By Lemma 1.6.1, this is the form Vg,η, for some
1 6= g ∈ G(H) and 1 6= η ∈ G(H∗).
Consider the projection q : H → k〈η〉. Since A is commutative,
g−1ag = a, for all a ∈ Aco q. By Theorem 1.6.4, Aco q is a Hopf subalge-
bra of A. This implies that Aco q = A ⊆ Hco q. In particular, η|A = ǫ,
and this η is the only group-like element of H∗ with this property:
otherwise, A = HcoG(H
∗) and H is not simple.
Necessarily, (H∗)coA
∗
= k1 ⊕ ks ⊕ U , where U is an irreducible
left coideal of B of dimension 2. It follows from Corollary 3.5.2, that
s ∈ G(B) ∩ Z(B). Also, s|A = ǫ; therefore s = η.
On the other hand, (H∗)coA
∗
⊆ (H∗)coG(H). Since B cannot be
contained in (H∗)coG(H) by [NZ], we see that BcoG(H) = BcoA
∗
=
k1⊕ ks⊕ U .
By Remark 1.6.2, Vs,g is a Yetter-Drinfeld module of H
∗. Since
s ∈ Z(B), applying again Theorem 1.6.4, we see that BcoG(H) is a Hopf
subalgebra of B. This is a contradiction, because of the decomposition
of BcoG(H) as a left coideal of H∗. This contradiction finishes the proof
of the Lemma. 
6.2. Upper and lower semisolvability
Our aim in this section is to prove that semisimple Hopf algebras
of dimension 24 are both upper and lower semisolvable. We first need
the following lemma:
Lemma 6.2.1. Suppose that H is not simple. Then H is upper and
lower semisolvable.
Proof. We shall show that H is lower semisolvable, and the other
statement will follow by duality. Note that every semisimple Hopf
algebra of dimension less than 24 is upper and lower semisolvable; see
Table 1. Therefore if H has a normal quotient H → H, where H
is commutative or cocommutative, then H is lower semisolvable. In
particular, we may assume that G(H∗) ∩ Z(H∗) = 1. This, combined
with Lemma 6.1.3 and Remark 6.1.2 (i), allows us to suppose that H
is neither of type (1, 3; 2, 3; 3, 1) nor (1, 12; 2, 3) as a coalgebra.
By assumption, H fits into an extension
1 −−−→ A −−−→ H
π
−−−→ H −−−→ 1,
and we may assume that H is not trivial. Thus dimH = 8 or 12, and
dimA = 3 or 2, respectively.
In the first case, we may suppose that H is of type (1, 6; 3, 2) as a
coalgebra, by Lemma 6.1.1. In particular, G(H) has a unique (normal)
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subgroup G of order 3, which must coincide with the stabilizer of all
simple subcoalgebras of dimension 9, such that A = kG; Remark 3.2.7
now implies that the quotient H = H/H(kG)+ is cocommutative, and
H is semisolvable.
Suppose finally that dimH = 12 and dimA = 2. We observe that
if |G(H∗)| = 12, then any subgroup of order 3 must be contained in
(H∗)coA
∗
≃ H
∗
; thus 3/|G(H
∗
)| and H
∗
is commutative or cocommu-
tative. Hence, we may assume that |G(H∗)| 6= 12.
If H is not trivial, then its simple subcoalgebras are of dimension 1
or 4 [F]. Therefore, by Corollary 3.3.2, we may assume that H contains
no simple subcoalgebra of dimension 9; this implies that |G(H)| = 4 or
8, by Lemma 6.1.1. Also, 4 = |G(H
∗
)| divides |G(H∗)|, hence we must
only consider the cases |G(H∗)| = 4 or 8.
It turns out in this case, that both H and H∗ contain Hopf subal-
gebras of dimension 8. If B ⊆ H , K ⊆ H∗, with dimB = dimK = 8,
then B ∩HcoK
∗
= k1, by Lemma 1.3.4. Hence H = R#B, where B is
a Hopf subalgebra of dimension 8.
If B is not cocommutative, then by Corollary 4.3.4, H has a normal
Hopf subalgebra of dimension 12, implying that G(H∗) ∩ Z(H∗) 6= 1;
hence we are done in this case. If B = kG(H) is cocommutative, it
follows from the proof of Lemma 4.4.4 (ii) that H has a normal Hopf
subalgebra of dimension 4. Thus H is semisolvable in this case as well.
This completes the proof of the lemma. 
Theorem 6.2.2. Let H be a semisimple Hopf algebra of dimension
24. Then H is upper and lower semisolvable.
Proof. It will be enough to show thatH is not simple. This follows
from Remark 6.1.2 (i), Lemmas 6.1.3, 6.1.4 and Corollary 6.1.6, if H is
of type (1, 12; 2, 3), (1, 3; 2, 3; 3, 1), (1, 6; 3, 2), (1, 8; 2, 4) or (1, 8; 4, 1),
respectively. Also, from Lemma 6.1.11, H is not simple if H is of type
(1, 2; 2, 1; 3, 2) as a coalgebra. Hence, we may assume that H is of type
(1, 4; 2, 5) as a coalgebra, and by Remark 6.1.2 (iii), H contains a Hopf
subalgebra of dimension 8. Applying Lemma 6.1.5, we find that H∗ is
of type (1, 2; 2, 1; 3, 2) as a coalgebra, and H is not simple by Lemma
6.1.11. 
CHAPTER 7
Dimension 30
In this chapter H will denote a semisimple Hopf algebra of dimen-
sion 30 over k. By [N, Theorem 4.6], if H fits into an abelian extension
1→ kΓ → H → kF → 1,
where Γ and F are finite groups, then H is trivial.
7.1. Possible (co)-algebra structures
We shall assume in this section that H is nontrivial, and reduce the
possibilities for its algebra and coalgebra structures.
Lemma 7.1.1. The group G(H∗) of group-like elements in H∗ is of
order 2, 3, 5, 6 or 10. As an algebra, H is of one of the following types:
• (1, 2; 2, 7),
• (1, 3; 3, 3),
• (1, 5; 5, 1),
• (1, 6; 2, 6),
• (1, 10; 2, 5).
Proof. It follows from 1.1 that n := |G(H∗)| 6= 15, and if n =
3, 5, 6 or 10, these are the only possible algebra types for H . Suppose
that n = 1; again by 1.1, it follows that the set of degrees of non-
linear irreducible representations of H has at least three elements and
necessarily H has an irreducible module of degree 2. This is impossible
by Corollary 2.2.3. Suppose finally that n = 2. Then, as an algebra, H
must be either of type (1, 2; 2, 7) or (1, 2; 2, 3; 4, 1). By Theorem 2.2.1,
G[χ] = G(H∗) is of order 2, for all irreducible character χ such that
χ(1) = 2. The second possibility implies, by Theorem 2.4.2, thatH has
a quotient Hopf algebra of dimension 2 + 4.3 = 14, which contradicts
[NZ]. This completes the proof of the lemma. 
Remark 7.1.2. (i) Observe that if H is of type (1, 5; 5, 1) as an
algebra, the irreducible character of degree 5 is stable under multi-
plication by G(H∗). Also, if H is of type (1, 3; 3, 3) as an algebra,
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every irreducible character ψ of degree 3 is stable under multiplica-
tion by G(H∗): this can be seen decomposing the product ψψ∗ into
irreducibles and using the relation (1.2.3).
In the other cases, after Theorem 2.2.1, all irreducible characters
χ of degree 2 have nontrivial isotropy, i.e., G[χ] is of order 2 for
all such characters. Combining this observation with Corollary 3.3.2
and Remark 3.2.7 we find that, in any case, the quotient coalgebra
H∗/H∗(kG(H∗))+ is cocommutative.
(ii) Suppose that H is of type (1, 10; 2, 5) or (1, 6; 2, 6) as an algebra.
Then the group G(H∗) is abelian.
Proof. By part (i), for all irreducible character χ of degree 2 we
have G[χ] 6= 1. The claim follows from Proposition 1.2.6. 
Lemma 7.1.3. Suppose that H is of type (1, 2; 2, 7) as a coalgebra.
Then H is commutative.
Proof. Note first that if G(H) ⊆ Z(H), in view of Remark 7.1.2,
H fits into an abelian extension 1→ kG(H)→ H → H/H(kG(H))+ →
1, thus implying the lemma, in view of [N].
By Lemma 7.1.1, |G(H∗)| 6= 1. If |G(H∗)| is even, the lemma follows
from Theorem 4.6.5 and [N]. We may thus assume that |G(H∗)| is odd.
Consider the projection q : H → B, where B = kG(H
∗). Since the
dimension of B is odd and G(H) is of order 2, we must have G(H) ⊆
HcoB. Therefore, as a left coideal of H , HcoB decomposes in the form
HcoB = kG(H)⊕ V1 ⊕ · · · ⊕ Vm, where Vi is an irreducible left coideal
of H of dimension 2, for all i = 1, . . . , m. For 1 ≤ i ≤ m, let Ci be
the simple subcoalgebra of H containing Vi. By Remark 7.1.2, we have
gCi = Ci = Cig, for all g ∈ G(H); in particular, kG(H) ⊆ k[Ci].
Claim 7.1.4. G(H) ⊆ Z(k[Ci]), for all i = 1, . . . , m.
Proof. Observe that Vi appears in H
coB with multiplicity at most
2, and moreover that Vi appears with multiplicity exactly 2 if and only
if Ci ⊆ H
coB. Consider first the case where m(Vi, H
coB) = 2. Then
k[Ci] ⊆ H
coB, whence dim k[Ci] < dimH . Then k[Ci] is commutative
and the claim follows.
Suppose now that m(Vi, H
coB) = 1. Let V = Vi. Note that gV and
V g are irreducible left coideals of H isomorphic to V , and gV, V g ⊆
HcoB. The multiplicity condition on V implies that gV = V = V g,
and the claim follows in this case from Corollary 3.5.2. 
Let A = k[Ci : 1 ≤ i ≤ m]. This is a Hopf subalgebra of H ,
and the claim implies that kG(H) ⊆ Z(A). Hence, we may assume
that A ( H . Since also HcoB ⊆ A, a dimension argument implies that
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HcoB = A and A is commutative. Thus the map q is normal, and H
fits into an abelian extension 1→ A→ H → kG(H
∗) → 1. This implies
the lemma in view of [N]. 
Lemma 7.1.5. Suppose that H is of type (1, 3; 3, 3) as a coalgebra.
Then H is commutative.
Proof. By Lemma 7.1.3, H is not of type (1, 2; 2, 7) as an algebra.
Suppose first that |G(H∗)| is divisible by 3. Then, by Lemma 4.1.9,H is
isomorphic to a biproduct H ≃ R#kG(H), where R is cocommutative
by Remark 7.1.2 (i). Then the lemma follows in this case by Proposition
4.6.1 and [N]. Hence we may assume that H is not of type (1, 3; 3, 3)
nor (1, 6; 2, 6) as an algebra. Similarly, if H is of type (1, 10; 2, 5) as
an algebra, then H fits into an exact sequence 1 → kG(H) → H →
kG(H
∗) → 1, and kG(H
∗) ≃ H/H(kG(H))+ is cocommutative. Hence
the result follows by [N].
Suppose finally that H is of algebra type (1, 5; 5, 1). Let C be the
unique simple subcoalgebra of dimension 25 of H∗. It is clear that
H∗ = k[C] is generated by C as an algebra. Consider the projection q :
H∗ → kG(H); we have dim(H∗)co q = 10. Since |G(H)| and |G(H∗)| are
relatively prime, we have G(H∗) ⊆ (H∗)co q. By dimension restrictions,
(H∗)co q = kG(H∗) ⊕ V , where V ⊆ C is an irreducible left coideal
of dimension 5. Let g be a generator of G(H∗); since V is the only
5-dimensional irreducible coideal contained in (H∗)co q, then we must
have gV = V = V g. By Corollary 3.5.2 kG(H∗) is normal in H∗. This
implies the claim in this case, in view of [N], since the quotient Hopf
algebraH∗/H∗(kG(H∗))+ is cocommutative, by Remark 7.1.2 (i). This
completes the proof of the lemma. 
Lemma 7.1.6. Suppose that H is of type (1, 6; 2, 6) as an algebra.
Then H is of type (1, 6; 2, 6) as a coalgebra.
Proof. Suppose not. It follows from Lemmas 7.1.1, 7.1.3 and
7.1.5, that G(H) has a subgroup T of order 5. Since |G(H∗)| = 6,
we have a sequence of Hopf algebra maps
(7.1.7) kT
ι
−−−→ H
π
−−−→ kG(H
∗).
In particular, π(a) = 1, for all a ∈ T , implying that kT ⊆ Hcoπ,
and since dimHcoπ = [H∗ : kG(H∗)] = |T |, we have kT = Hcoπ.
Therefore (7.1.7) is an exact sequence of Hopf algebras. By Remark
7.1.2 (ii), kT and kG(H
∗) are both commutative and cocommutative;
hence the extension is abelian. This implies that H is trivial, against
the assumption. This finishes the proof of the lemma. 
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Lemma 7.1.8. Suppose that H is of type (1, 5; 5, 1) as a coalgebra.
Then H is commutative.
Proof. By Lemmas 7.1.1, 7.1.3, 7.1.5 and 7.1.6, G(H∗) is of or-
der 5 or 10. Let Γ ⊆ G(H∗) be a subgroup of order 5, and consider
the sequence of Hopf algebra maps kG(H)
ι
−−−→ H
π
−−−→ kΓ. Then
dimHcoπ = [H∗ : kΓ] = 6 and kG(H)∩Hcoπ = k1 by [NZ]. Then the
composition πι : kG(H) → kΓ is an isomorphism, and therefore H is
isomorphic to a biproduct R#kG, where G = G(H) is a group of order
5 and R is a semisimple Hopf algebra of dimension 6 in the category
of Yetter-Drinfeld modules over G.
In particular, R ≃ H/H(kG(H))+ as a coalgebra, and thus R is
cocommutative by Remark 7.1.2 (i). By Proposition 4.6.1, H fits into
an abelian extension and the result follows from [N]. 
Lemma 7.1.9. Suppose that H is of type (1, 10; 2, 5) as a coalgebra.
Then H is commutative.
Proof. By previous lemmas H is, as an algebra, necessarily of
type (1, 10; 2, 5). In view of Lemma 4.1.9, this implies that G(H) ≃
G(H∗) are abelian and H is isomorphic to a biproduct R#kG(H),
where dimR = 3. Thus R is cocommutative and commutative, and
since the action of G(H) on R is by coalgebra automorphisms, we have
that the unique subgroup of order 5, Γ, of G(H) acts trivially on R.
Then Γ ⊆ Z(H), and there is an exact sequence 1 → kΓ → H →
H → 1, where dimH = 6. Note that H is cocommutative; other-
wise H ≃ kF , where F is the only non-abelian group of order 6. But
this implies that F = G((kF )∗) is a subgroup of G(H∗), which is a
contradiction. The lemma follows from [N]. 
7.2. Classification
In this section we aim to give a proof of Theorem 2. For this, we
shall consider the possible structures given by Lemma 6.1.1.
Proof of Theorem 2. By Lemmas 7.1.1, 7.1.2, 7.1.8 and 7.1.9, we
may assume that H and H∗ are both of type (1, 6; 2, 6) as coalgebras.
In view of Remark 7.1.2 (ii), the group G(H) is cyclic.
Let F be the unique subgroup of order 2 of G(H). By Remark 7.1.2
(i) all irreducible characters of degree 2 are stable under multiplication
by F , and therefore the quotient coalgebra H/H(kF )+ is cocommu-
tative. Clearly, H is a biproduct R#kF , and R ≃ H/H(kF )+ is a
cocommutative coalgebra. This implies that H fits into an abelian
extension in view of Proposition 4.6.1, and H is trivial by [N]. 
CHAPTER 8
Dimension 36
8.1. Reduction of the problem
Let H be a nontrivial semisimple Hopf algebra of dimension 36 over
k.
Lemma 8.1.1. The order of G(H∗) is either 2, 3, 4, 6, 9, 12 or 18
and as an algebra H is of one of the following types:
• (1, 2; 2, 4; 3, 2),
• (1, 3; 2, 6; 3, 1),
• (1, 4; 2, 8),
• (1, 4; 2, 4; 4, 1),
• (1, 4; 4, 2),
• (1, 6; 2, 3; 3, 2),
• (1, 9; 3, 3),
• (1, 12; 2, 6),
• (1, 18; 3, 2).
By [GN] there is a simple Hopf algebra H with algebra and coal-
gebra type (1, 4; 2, 4; 4, 1). By construction, H = (kG)φ is a twisting
of the group algebra of G = D3×D3 with respect to a non-degenerate
2-cocycle φ ∈ Z2 × Z2. Moreover, H is the only twisting of a group of
order 36 that is simple, and we have H ≃ H∗ cop [GN, 4.3].
Proof. It follows from 1.1 that G(H∗) = 1 is impossible. It fol-
lows as well that the only possibilities for the algebra types are the
prescribed ones if |G(H∗)| equals either 3, 4, 6, 9, 12 or 18.
Finally, if |G(H∗)| = 2, a counting argument gives that H must be
of type (1, 2; 2, 4; 3, 2) or (1, 2; 3, 2; 4, 1). In the last case, H has two
characters of degree 1, ǫ and g, two irreducible characters of degree 3,
ψ1 and ψ2, and one irreducible character of degree 4, ζ . Since G[ψi] = 1,
because G(H∗) is of order 2, then gψ1 = ψ2; on the other hand, gζ =
ζ because ζ is the only irreducible character of degree 4. Counting
dimensions, we obtain ψiψ
∗
i = ǫ + 2ζ, i = 1, 2. Thus m(ψi, ζψi) =
m(ζ, ψiψ
∗
i ) = 2, and therefore
ζψ1 = 2ψ1 + rψ2 + sζ = gζψ1 = 2ψ2 + rψ1 + sζ,
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implying that r = 2 and ζψ1 = 2ψ1 + 2ψ2 = ζψ2.
Since ∗ fixes ζ and permutes the set {ψ1, ψ2}, and also since ψiζ =
(ζψ∗i )
∗, we find thatm(ζ, ψiζ) = 0, i = 1, 2. Butm(ζ, ψiζ) = m(ψi, ζζ
∗),
so that ζζ∗ decomposes in the form ζζ∗ = ǫ+ g+ rζ, r ∈ Z+. Taking
degrees we see that this is impossible. This discards the possibility
(1, 2; 3, 2; 4, 1) for the algebra type of H and finishes the proof of the
lemma. 
Remark 8.1.2. (i) Suppose that H is of type (1, 18; 3, 2). Then,
by Corollary 1.4.3, G(H∗) ∩ Z(H∗) 6= 1.
(ii) Suppose that H is of type (1, 2; 2, 4; 3, 2) as a coalgebra. Since
|G(H)| = 2, H contains no Hopf subalgebra of dimension 12. By
Remark 2.4.3 (i), the irreducible characters of degrees 1 and 2 give rise
to a Hopf subalgebra of dimension 18. Therefore, in view of Corollary
1.4.3, G(H∗) ∩ Z(H∗) 6= 1.
(iii) Suppose that H is of type (1, 6; 2, 3; 3, 2) as a coalgebra. Then
for every irreducible character χ of degree 2, we must have |G[χ]| = 2
(because there are only 3 such characters) and H has no simple sub-
coalgebra of dimension 16. Hence, also here, the irreducible characters
of degrees 1 and 2 give rise to a Hopf subalgebra of dimension 18.
Therefore G(H∗) ∩ Z(H∗) 6= 1.
(iv) IfH is of type (1, 4; 4, 2) as a coalgebra, thenH does not contain
any left coideal subalgebra of dimension 3. Therefore H∗ contains no
Hopf subalgebra of dimension 12.
Lemma 8.1.3. Suppose that H is of type (1, 3; 2, 6; 3, 1) as a coal-
gebra. Then H is not simple.
Proof. By Theorem 2.2.1, H has a unique Hopf subalgebra A of
dimension 12, which containsG(H) and the unique simple subcoalgebra
of dimension 9 of H .
The classification of semisimple Hopf algebras of dimension 12 [F]
implies that A is commutative. Therefore dimV ≤ [H : A] = 3 for all
irreducibleH-module V ; see for instance Corollary 3.9 in [AN2]. Then,
by the previous remark, we may assume that H∗ is, as a coalgebra, of
one of the types (1, 3; 2, 6; 3, 1), (1, 4; 2, 8), (1, 9; 3, 3) or (1, 12; 2, 6).
Suppose that H∗ is of type (1, 9; 3, 3) as a coalgebra. We have a
Hopf algebra projection q : H∗ → A∗, such that dimH∗coA
∗
= 3. This
projection is necessarily normal, thus H is not simple in this case.
If H∗ is of type (1, 3; 2, 6; 3, 1) as a coalgebra, then also H∗ contains
a commutative Hopf subalgebra B ≃ A of dimension 12. We have a
Hopf algebra projection q : H → B∗, for which dimHcoB
∗
= 3. Then
we may assume A ∩ HcoB
∗
= k1 and the restriction q|A : A → B
∗
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is an isomorphism. Thus A is cocommutative, which is absurd. This
contradiction discards this type.
Similarly, if H∗ is of type (1, 12; 2, 6) as a coalgebra, then H is a
biproduct H = R#A, where R is a braided Hopf algebra over A of
dimension 3. Since the irreducible A-comodules are of dimension 1 or
3, we must have ρ(R) ⊆ kG(A)⊗ R. This implies that R is a braided
Hopf algebra over kG(A) and the biproduct K = R#kG(A) is a Hopf
subalgebra of H . But dimK = 9 and K is thus cocommutative, which
contradicts |G(H)| = 3. Thus this type is not possible.
Finally suppose that H∗ is of type (1, 4; 2, 8) as a coalgebra. Con-
sider the surjective Hopf algebra mapH∗ → A∗, so that dim(H∗)coA
∗
=
3 and we may assume that (H∗)coA
∗
= k1⊕ V as a left coideal of H∗,
where V is an irreducible coideal of dimension 2. By Theorem 2.5.1 H∗
contains a Hopf subalgebra B of dimension 12 such that B is not co-
commutative. As in the previous paragraphs, it turns out that A ≃ B∗,
which is a contradiction. This finishes the proof of the lemma. 
Lemma 8.1.4. Suppose that H is of type (1, 9; 3, 3) as a coalgebra.
Then H is not simple.
Proof. If |G(H∗)| = 9, then H = R#kG(H) is a biproduct and
the lemma follows from Proposition 4.4.6. Thus, by Remark 8.1.2 and
Lemma 8.1.3, we may assume that |G(H∗)| = 12 or 4. In any case,
there is a quotient H → kΓ, where Γ is a group of order 4, for which
necessarily kG(H) = Hco kΓ. Hence H is not simple. 
Lemma 8.1.5. Suppose that H is simple. Then the order of G(H∗)
equals either 4 or 12. Moreover, H is isomorphic to a biproduct H ≃
R#kG, where G is a group of order 4 and R is a Yetter-Drinfeld Hopf
algebra over G of dimension 9.
Proof. By Remark 8.1.2 and Lemmas 8.1.3 and 8.1.4, |G(H∗)| is
not 18, 9, 6, 3 or 2. Therefore, by Lemma 8.1.1, |G(H∗)| = 4 or 12.
Let Γ ⊆ G(H∗) be a subgroup of order 4. Consider the quotient
p : H → kΓ. Then dimHco p = 9. Let G be a subgroup of G(H) of
order 4. Then, by [NZ], kG ∩Hco p = k1 and thus the restriction of p
gives an isomorphism kG→ kΓ. This implies the lemma. 
Lemma 8.1.6. Suppose that H is of type (1, 4; 2, 4; 4, 1) as a coalge-
bra. Then every irreducible left coideal of dimension 2 in H is contained
in a Hopf subalgebra of dimension 12.
Moreover, H contains two Hopf subalgebras B and B′, which are of
type (1, 4; 2, 2) as coalgebras and such that
(i) B ∩B′ = kG(H) and G(H) ≃ Z2 × Z2;
(ii) B ∪B′ generates H as an algebra.
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Proof. Since H contains no irreducible coideals of dimension 3,
then for all irreducible χ such that degχ = 2, we have G[χ] 6= 1.
Claim 8.1.7. The action of G(H) by left multiplication on the set
X2 of irreducible characters of degree 2 has two disjoint orbits {χ, χ
′}
and {ψ, ψ′}. In addition, we have G[χ] = G[χ′] and G[ψ] = G[ψ′] are
distinct subgroups of order 2 of G(H).
Proof. Note that the tensor product χχ′ is irreducible for some
irreducible characters χ and χ′ of degree 2, since otherwise, there would
be a Hopf subalgebra of dimension 4 + 4.4 = 20, which is impossible.
Therefore there exist χ, ψ ∈ X2 such that G[χ] is not contained in
G[ψ]; c.f. 2.4.1. Thus G[χ] and G[ψ] are distinct subgroups of order 2
of G(H). In particular, the group G(H) is isomorphic to Z2 × Z2.
Since |G[χ]| = |G[ψ]| = 2, then the orbits G(H)χ and G(H)ψ are
of order 2. Moreover, since G[χ′] = G[χ], for all χ′ ∈ G(H)χ (because
G[χ] is normal in G(H)), then G(H)χ and G(H)ψ are disjoint orbits.
This proves the claim. 
Claim 8.1.8. We have χ∗ = χ, for all χ ∈ R(H∗).
Proof. We have already shown that a2 = 1, for all a ∈ G(H). If
χ is irreducible of degree 2, then we have χχ∗ =
∑
a∈G[χ] a + λ, for
some λ ∈ X2 such that λ
∗ = λ. Also G[χ] ⊆ G[λ], which implies that
λ ∈ G(H)χ. Hence every orbit has a self-dual element. Moreover, if
g ∈ G(H) is such that gλ = χ, then χ∗ = λg and therefore G[χ] =
G[λ] ⊆ G[χ∗]. Hence χ∗ ∈ G(H)χ. This implies, since each orbit has
two elements, that χ∗ = χ. Since χ was arbitrary, the claim follows. 
The claim implies the character algebra R(H∗) is commutative.
As before, we have decompositions χ2 = χχ∗ =
∑
a∈G[χ] a+λ, where
λ ∈ G(H)χ. On the other hand, if χ′ ∈ G(H)χ, say bχ = χ′, then
χ′χ = bχ2 = b+ba+bλ, and bλ ∈ G(H)χ. Thus, the set G(H)∪G(H)χ
spans a standard subalgebra of R(H∗) which corresponds to a Hopf
subalgebra A of dimension 12 such that R(A∗) = k(G(H) ∪G(H)χ.
The same argument applies to the other orbit and concludes the
proof of the lemma. 
Lemma 8.1.9. Suppose that H is of type (1, 4; 2, 8) as a coalgebra.
Assume in addition that H is simple. Then H contains two Hopf sub-
algebras B and B′, which are of type (1, 4; 2, 2) as coalgebras and such
that B and B′ satisfy the conditions (i) and (ii) of Lemma 8.1.6.
Proof. First note that it is enough to show that H contains Hopf
subalgebras B,B′ of dimension 12 such that B ∩ B′ = kG. Indeed, in
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this case, a dimension argument implies that necessarily the subalgebra
generated by B and B′ coincides with H . On the other hand, this also
implies that the group G = G(H) is isomorphic to Z2 × Z2: otherwise
G would contain a unique subgroup of order 2, which would be central
both in B and in B′ ([F]) and a fortiori in H .
By Lemma 8.1.5 H = R#kG, where G = G(H) and dimR = 9.
Therefore R decomposes in the form R = k1 ⊕ V1 ⊕ V2 ⊕ V3 ⊕ V4 as a
left coideal of H , where Vi is an irreducible left coideal of dimension 2,
for all i = 1, . . . , 4.
It follows from Corollary 4.2.2 and Proposition 4.2.1 that Vi is a
subcoalgebra of R, for all i, and Vi is not isomorphic to Vj, as left
coideals of H , if i 6= j. Also |G[χi]| = 2, where χi = χVi . In particular,
#Gχi = 2, for all i. We have Vi#kG = Ci⊕Cih, where Ci is the simple
subcoalgebra of H containing Vi and Cih 6= Ci. Thus, if Vj ≃ Vih
then Vj#kG = Vi#kG and Vj = (id⊗ǫ)(Vj#kG) = Vi. Therefore χi,
1 ≤ i ≤ 4, form a system of representatives of the orbits of the action
of G on X2 by right multiplication.
The multiplicity-one condition for the decomposition of R implies
that V1, . . . , V4 are uniquely determined, and these are the only irre-
ducible left coideals of H contained in R. Thus the action of G on R
must permute the Vi’s.
Claim 8.1.10. Let 1 ≤ i ≤ 4. There exists a subgroup 1 6= S of G
such that s.Vi = Vi.
Proof. The possible decompositions of R as an H-Yetter-Drinfeld
submodule of H are the following
k1⊕X1⊕X2, k1⊕Y1⊕Y2⊕Y3⊕Y4, k1⊕X1⊕Y1⊕Y2, k1⊕Y1⊕Z,
where dimXi = 4, dimYi = 2, dimZ = 6. Decomposing the Xi’s and
Z as left coideals of H , and using that the action of G permutes the
Vi’s, the claim follows. 
Let 1 6= S be a subgroup of G such that s.V1 = V1, for all s ∈ S, as
in Claim 8.1.10. The action of S must permute either transitively or
trivially the set G(V1).
Suppose first that the action of S on V1 is trivial. Let V
′
1 = G.V1.
Then the action of S on V ′1 is also trivial and so is the action of S on
the subalgebra k[V ′1 ] generated by V
′
1 .
Since k[V ′1 ] is a Yetter-Drinfeld Hopf subalgebra of R, dim k[V
′
1 ] is
either 3 or 9. The last possibility implies that the action of S on R
is trivial. Therefore, we may assume that dim k[V ′1 ] = 3, and then
V1 is stable under the action of G. Thus B = k[V1]#kG is a Hopf
62 8. DIMENSION 36
subalgebra of H of dimension 12. Moreover, since the action of G
permutes the set {V1, . . . , V4} and by the above fixes V1, we may assume
that also gV2g
−1 = V2, for all g ∈ G. Then the Hopf subalgebras B
and B′ = k[V2]#kG do the job.
Suppose finally that the action of S on V1 is transitive. By Lemma
4.7.1 |GV1 | = 2. Let V
′
1 := GV1 .V1 as above; note that GV ′1 = GV1.
Then, by Lemma 4.3.1, B˜ = k[V ′1 ]#kGV1 = k[V
′
1 ]#kGV ′1 is a Hopf
subalgebra of H . If k[V ′1 ] = R, then B˜ is an index-2 (and therefore
normal) Hopf subalgebra of H . So we may assume that dim k[V ′1 ] = 3,
implying that g.V1 = V1 for all g ∈ G. We may also assume that
g.V2 = V2 for all g ∈ G. Let B = k[V1]#kG and B
′ = k[V2]#kG. Then
we have dimB = dimB′ = 12, and we are done. 
Lemma 8.1.11. Suppose that H is of coalgebra type (1, 4; 2, 4; 4, 1)
or (1, 4; 2, 8). Assume in addition that H is simple. Then H ≃ H.
Here H denotes the simple (self-dual) example in [GN].
Proof. Let B and B′ be the Hopf subalgebras of H as in Lemmas
8.1.6 and 8.1.9, respectively. Then neither B nor B′ is cocommutative.
Claim 8.1.12. We have B ≃ B′ ≃ A0; see Chapter 5.
Proof. Suppose not. Since G(H) ≃ Z2 × Z2, then B and B
′ are
not isomorphic to A1. In virtue of the classification in dimension 12
[F], at least one of them, say B, is commutative. Then there exists
1 6= g ∈ Z(B′) ∩ G(B′). Since G(B′) = G(B) ⊆ B, g also commutes
with B. Since B and B′ generate H as an algebra, this implies that g
is a central group-like element in H , contradicting the assumption. 
We know from Chapter 5 that there exists a normalized 2-cocycle
φ ∈ kG(H)⊗ kG(H) such that Bφ ≃ B
′
φ ≃ kG, where G is the group
in Proposition 5.2.1. Moreover, Bφ and B
′
φ are Hopf subalgebras of Hφ
and Bφ ∪ B
′
φ generates Hφ as an algebra, because the multiplication
was unchanged. It turns out that Hφ is cocommutative.
More precisely, Hφ = kG
′, where G′ = F ′⋊Γ is a semidirect product
with |F ′| = 9 and Γ = G(H). Since H is simple by assumption, then
by the results in [GN, 4.3], G ≃ D3 ×D3 and H ≃ H. 
Lemma 8.1.13. Suppose that H is of type (1, 12; 2, 6) as a coalgebra.
Then H is not simple.
Proof. By Lemma 8.1.5, we may assume that |G(H∗)| = 4 or 12.
By Lemma 8.1.11, if |G(H∗)| = 4 we may also assume that H∗ is of
type (1, 4; 4, 2) as a coalgebra; this is impossible in view of Remark
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8.1.2 (iv). Therefore, we must consider the case |G(H∗)| = 12, i.e., H
and H∗ are both of type (1, 12; 2, 6).
Consider the quotient Hopf algebra p : H → kG(H
∗). We have
dimHco p = 3. If g ∈ Hco p for some g ∈ G(H), then by [NZ] g is of
order 3 and Hco p = k〈g〉 is a normal Hopf subalgebra of H , implying
that H is not simple. Thus, we may assume that p(g) 6= 1, for all g ∈
G(H). This implies that the restriction p|kG(H) : kG(H)→ k
G(H∗) is an
isomorphism. Therefore the groups G(H) and G(H∗) are isomorphic
and abelian and H is a biproduct H = R#kG(H), where dimR = 3.
The lemma follows from Proposition 4.4.6. 
8.2. Main result
In view of the previous results, the only case it remains to consider
is that where H and H∗ are both of type (1, 4; 4, 2) as coalgebras.
Theorem 8.2.1. Let H be a semisimple Hopf algebra of dimension
36. Suppose that H is simple. Then H ≃ H.
Proof. By Lemma 8.1.5, H is a biproduct H = R#kG(H), where
R is a left coideal subalgebra of dimension 9. Therefore, as a left
coideal of H , R = k1 ⊕ V1 ⊕ V2, where Vi are irreducible left coideals
of dimension 4, i = 1, 2.
Claim 8.2.2. There exists a normalized invertible 2-cocycle φ ∈
kG(H)⊗ kG(H) such that Hφ is not simple.
Proof. We have gVi ≃ Vi ≃ Vig as a left coideal of H , for all
g ∈ G(H); so that by Corollary 4.2.2, Vi is a subcoalgebra of R
in the category of Yetter-Drinfeld modules over G(H), and we have
Vi#kG(H) is a simple subcoalgebra of dimension 16. It is also clear
that Vi generates R as an algebra, because k[V1] is a braided Hopf sub-
algebra of R containing Vi; then dimV
G
i = 1 by [N3, Lemma 4.4.1].
Write G = G(H). By [N2, 1.3] there exist normalized 2-cocycles
αi : G×G→ G such that Vi ≃ (kαiG)
∗, i = 1, 2, and moreover, in view
of the results in [N3, Section 4] there exists a normalized invertible
2-cocycle φ ∈ kG ⊗ kG such that Hφ = Rφ#kG, and V := V1 is a
cocommutative subcoalgebra of Rφ. See [N3, Remark 4.4.3].
Suppose that Hφ is simple. Then Hφ ≃ H as algebras and as coal-
gebras, whence V#kG(H) is a simple subcoalgebra of Hφ. The claim
can be established using the argument in the proof of [N3, Theorem
1.0.1]. We sketch this proof below for the sake of completeness.
Write G(V ) = {x1, . . . , x4}. By [N3, Lemma 2.2.1] (SRφV )V is a
Yetter-Drinfeld subcoalgebra of Rφ, and (SRφV )xi is a left coideal of
R containing 1, for all i = 1, . . . , 4, where SRφ is the antipode of Rφ.
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Since the dimensions of the irreducible comodules of a twisted dual
group algebra of G divide the order of G, we have that the dimensions
of the irreducible Rφ-comodules are either 1 or 2.
The group G acts on Rφ by↼: Rφ⊗kG→ Rφ, r ↼ g := (g, r−1)r0,
r ∈ Rφ, where ( , ) is a non-degenerate bicharacter onG. Moreover, this
action restricts to an action of G on (SRφV )V by coalgebra automor-
phisms. Let ω1, . . . , ωl be the group-like elements of Rφ which belong
to (SRφV )V . Then the action ↼ of G permutes the set {ω1, . . . , ωl}.
As in [N3, Claim 5.3.1], one can see that every group-like element ω
in (SRφV )V belongs to (SRφV )xi for all 1 ≤ i ≤ n.
Therefore SRφV xi = kω1 ⊕ · · · ⊕ kωl ⊕
⊕
jWj , for all i, where Wj
are irreducible right coideals of Rφ of dimension bigger than 1. Thus
l is even, and since 1 ∈ {ω1, . . . }, there exists a nontrivial group-like
element in Rφ invariant under the action ↼ of G; this is exactly the
same as a coinvariant group-like element in Rφ. Then G(Hφ) ∩ Rφ
has an element of order 3. This is a contradiction, because G(Hφ) is
of order 4. The contradiction comes from the assumption that Hφ is
simple, hence the claim follows. 
Let A ⊆ Hφ be a proper normal Hopf subalgebra. Since Hφ ≃ H as
algebras, Hφ contains no Hopf subalgebras of dimension 12, by Remark
8.1.2 (iv). Then dimA = 2, 3, 4, 6 or 18. Note that kG(H)φ = kG(H)
is a Hopf subalgebra of Hφ; so that 4 divides the order of G(Hφ). If
dimA = 3, then either |G(Hφ)| = 12, which contradicts Remark 8.1.2
(iv), or else Hφ is cocommutative. The last possibility implies H ≃ H
by [GN, 4.3]; hence we may assume that dimA 6= 3.
If dimA = 2, then A ⊆ kG(Hφ) ∩ Z(Hφ) by Corollary 1.4.3. Thus
A ⊆ kG(H) ∩ Z(H); see Corollary 5.4.2. Also, if dimA = 4, then
there is a quotient Hopf algebra Hφ → Hφ/HφA
+ =: Hφ, such that
dimHφ = 9. In particular, 9/|G(H
∗
φ)|, which is a contradiction.
Suppose that dimA = 6. Then, with the above notation, dimHφ =
6. Hence Hφ
∗
contains a group-like Hopf subalgebra of dimension 3 or
else a simple subcoalgebra of dimension 4, which again contradicts the
fact that Hφ is of type (1, 4; 4, 2) as an algebra.
Finally, if dimA = 18, then |G(A)| = 2 and by [M3] A is commu-
tative. It follows from [AN2, Corollary 3.9], dim V ≤ [Hφ : A] = 2,
for all irreducible Hφ-module V . This is impossible since Hφ is of type
(1, 4; 4, 2) as an algebra. This finishes the proof of the theorem. 
CHAPTER 9
Dimension 40
9.1. Reduction of the problem
Let H be a nontrivial semisimple Hopf algebra of dimension 40 over
k.
Lemma 9.1.1. The order of G(H∗) is either 4, 8 or 20 and as an
algebra H is of one of the following types:
• (1, 4; 2, 9),
• (1, 4; 2, 5; 4, 1),
• (1, 4; 2, 1; 4, 2),
• (1, 8; 2, 8),
• (1, 8; 2, 4; 4, 1),
• (1, 8; 4, 2),
• (1, 20; 2, 5).
We shall prove that the type (1, 4; 2, 5; 4, 1) is impossible. See
Lemma 9.1.5.
Proof. Let n = |G(H∗)|. It follows from 1.1 that n 6= 1, 5, 10.
The possibility n = 2 is discarded using Theorem 2.2.1. In the cases
n = 4, 8, 20 the only possibilities excluded are the types (1, 4; 3, 4) and
(1, 4; 6, 1); however, in this cases H has an irreducible character ψ of
degree 3 (respectively 6), and decomposing the product ψψ∗ as a sum
of irreducible characters gives a contradiction. This finishes the proof
of the lemma. 
Remark 9.1.2. (i) If H is of type (1, 20; 2, 5), then H is not simple,
by Corollary 1.4.3.
(ii) Let H be as in Lemma 9.1.1. It follows from Proposition 2.1.3
that there is a Hopf subalgebra A ⊆ H , with dimA = 8.
Lemma 9.1.3. We have H = R#A is a biproduct where A is a
semisimple Hopf algebra of dimension 8 and R is a 5-dimensional
Yetter-Drinfeld Hopf algebra over A.
Proof. There are a Hopf subalgebra A ⊆ H and a quotient Hopf
algebra q : H → B, such that dimA = dimB = 8. In particular,
dimHcoB = 5, and therefore G(H) ∩HcoB = 1 by [NZ].
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Consider the restriction q|A : A→ B. It will be enough to show that
q is an isomorphism, or equivalently, that A∩HcoB = k1. Suppose on
the contrary that A∩HcoB = AcoB is of dimension 2 or 4; see Lemma
1.3.4. Then there must exist 1 6= g ∈ G(A)∩AcoB, since the irreducible
left coideals of A are of dimension 1 or 2. Then 2/ dimHcoB = 5, which
is absurd. This contradiction finishes the proof of the lemma. 
Lemma 9.1.4. Suppose that H is simple and |G(H)| = 4. Then
R = k1 ⊕ U , where U is an irreducible left coideal of H of dimension
4. In particular, H is not of type (1, 4; 2, 9) as a coalgebra.
Proof. Since |G(H)| = 4, A is not cocommutative. Suppose on
the contrary that R = k1 ⊕ V1 ⊕ V2, where Vi is an irreducible left
coideal of dimension 2. By Lemma 4.3.3 (i), ρ(Vi) ⊆ kG(H) ⊗ Vi,
i = 1, 2. Thus ρ(R) ⊆ kG(H) ⊗ R and R#kG(H) is a normal Hopf
subalgebra of H (of index 2). 
Lemma 9.1.5. There exists no semisimple Hopf algebra H of type
(1, 4; 2, 5; 4, 1) as a coalgebra.
Proof. Suppose on the contrary that H is of type (1, 4; 2, 5; 4, 1).
Let A ⊆ H be a Hopf subalgebra of dimension 8. For all irreducible
H∗-characters χ such that deg χ = 2, we have that G[χ] 6= 1, because
H does not contain irreducible coideals of dimension 3. Also, the tensor
product χχ′ is irreducible for some irreducible characters χ and χ′ of
degree 2, since otherwise, there would be a Hopf subalgebra of dimen-
sion 4+ 4.5 = 24, which is impossible. Therefore there exist χ, ψ ∈ X2
such that G[χ] is not contained in G[ψ]; c.f. Lemma 2.4.1. Thus G[χ]
and G[ψ] are distinct subgroups of order 2 of G(H).
Since |G[χ]| = |G[ψ]| = 2, then the orbits G(H)χ and G(H)ψ are
of order 2. Moreover, since G[χ′] = G[χ], for all χ′ ∈ G(H)χ (because
G[χ] is normal in G(H)), then G(H)χ and G(H)ψ are disjoint orbits.
Let τ /∈ A be an irreducible character of degree 2. Then we have
(9.1.6) ττ ∗ =
∑
a∈G[τ ]
a + λ,
for some λ ∈ X2. By (9.1.6), we have λ
∗ = λ and G[τ ] ⊆ G[λ].
Therefore, either λ ∈ G(H)τ or λ ∈ A.
Claim 9.1.7. We have λ ∈ A.
Proof. Suppose on the contrary that λ ∈ G(H)τ ; hence, every
orbit has a self-dual element. Moreover, if g ∈ G(H) is such that
gλ = τ , then τ ∗ = λg and therefore G[τ ] = G[λ] ⊆ G[τ ∗]. Hence
τ ∗ ∈ G(H)τ . This implies, since each orbit has two elements, that
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τ ∗ = τ . As before, we have decompositions τ 2 = ττ ∗ =
∑
a∈G[τ ] a + λ,
where λ ∈ G(H)τ and if τ ′ ∈ G(H)τ , say bτ = τ ′, then τ ′τ = bτ 2 =
b + ba + bλ, and bλ ∈ G(H)τ . Then the set G(H) ∪ G(H)τ spans a
standard subalgebra of R(H∗) which corresponds to a Hopf subalgebra
of dimension 12. This contradicts [NZ]; so we may conclude that λ is
not in the orbit G(H)τ . Therefore, we must have λ ∈ A as claimed. 
Since χψ is irreducible, it follows from Lemma 2.4.1 thatm(λ, ψ∗ψ) =
0. This contradicts Claim 9.1.7. Then the lemma follows. 
Remark 9.1.8. Keep the notation in Lemma 9.1.3.
(i) Suppose that R = k1⊕U , where U is an irreducible left coideal
of dimension 4 and let χ ∈ H be the corresponding character. It follows
from Corollary 4.2.2, that |G[χ∗]| ≤ 4.
(ii) If |G(H∗)| = |G(H)| = 8, then H is not simple by [N2, Lemma
2.2.5]. So we may assume that A is not a group algebra of an abelian
group. In particular, after dualizing if necessary, we may assume that
A is not cocommutative.
Lemma 9.1.9. Suppose that H is of type (1, 8; 2, 4; 4, 1) as a coal-
gebra. Then H is not simple.
Proof. By Remark 9.1.8 (ii), we may assume that G(H) is not
abelian of order 8. Consider the action by right multiplication of G(H)
on the set X2 of irreducible characters of degree 2. Then either this
action is transitive or else |G[χ∗]| = 4, for all χ ∈ X2.
The first possibility implies, in view of Remark 2.4.3 (iii) that H
has a Hopf subalgebra of dimension 24, which is impossible. Consider
the second possibility. Since G(H) is not abelian, 1 6= [G;G] ⊆ G[χ′]∩
G[χ∗], for all χ′, χ ∈ X2. Therefore, by Theorem 2.4.2, also in this case
there is a Hopf subalgebra of dimension 24, which is impossible. This
proves the lemma. 
Lemma 9.1.10. Suppose that H is of type (1, 8; 4, 2) as a coalgebra.
Then H is not simple.
Proof. Suppose that H is simple. We have dimR(H∗) = 10 and
G(H) is not abelian, by Remark 9.1.8 (ii). Let e0, e1, e2, e3, f1, f2 be
orthogonal primitive idempotents in kG(H) such that dim kG(H)ej =
1 and dim kG(H)fj = 2. Then dimHej = 5 and dimHfj = 10, and
moreover Hf1 ≃ Hf2.
We may assume that |G(H∗)| 6= 8. Then, by Lemma 9.1.4, R∗ ≃
k1⊕ U , where U is an irreducible left coideal of H∗, and a fortiori an
irreducible Yetter-Drinfeld submodule of H∗.
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By Proposition 1.5.2, there is a bijective correspondence between
the irreducible Yetter-Drinfeld submodules of H appearing in R∗ =
(H∗)co kG(H)
∗
and primitive idempotents e ∈ R(H∗) such that ee0 6= 0.
Therefore we have a decomposition e0 = Λ + E0, where Λ ∈ H
is the normalized integral and E0 is a primitive idempotent of R(H
∗)
such that dimHE0 = 4. This gives at least 7 orthogonal idempotents
in R(H∗), implying that R(H∗) ≃ k(6) × M2(k) as an algebra. In
particular, since f1 and f2 are not central in kG(H), they correspond
necessarily to the 4-dimensional simple component of R(H∗).
We find that there must exist some 1 ≤ j ≤ 3 such that ej is not
primitive in R(H∗). By the Kac-Zhu Theorem, this implies the exis-
tence of a primitive idempotent Λ 6= E ∈ R(H∗) such that dimHE = 1.
Then G(H∗) ∩ Z(H∗) 6= 1 and the lemma follows. 
Lemma 9.1.11. Suppose that H is of type (1, 8; 2, 8) as a coalgebra.
Then H is not simple.
Proof. We have H = R#kG, where G = G(H) and R = k1 ⊕
V1⊕V2, where Vi are irreducible left coideals of H such that dimVi = 2.
By Theorem 2.2.1 we must have G[χ] 6= 1, for all irreducible characters
χ of degree 2. Then Vi is a subcoalgebra of R, by Proposition 4.2.1,
and V1 is not isomorphic to V2 as left coideals of H . The group G
permutes the set G(V1) ∪ G(V2) and we may also assume that the
group homomorphism G → S4 is injective. In particular, G ≃ D4 and
acts transitively on G(V1) ∪G(V2).
Let Gi = {g : g.Vi ⊆ Vi}. Then |Gi| ≥ 4 and in particular, Z(G) ⊆
Gi, i = 1, 2. By Lemma 4.7.1, if Z(G) acts transitively on G(Vi), then
|GVi| ≤ 2. Moreover, the action of Z(G) is either transitive or trivial on
G(V1). Observe in addition that V1 generates R as an algebra. Hence,
the last possibility implies that Z(G) ⊆ Z(H) and H is not simple.
In the other case, we may conclude that ρ(R) ⊆ kGVi⊗R and since
|GVi| = 2, B = R#kGVi is a Hopf subalgebra of dimension 10. By
Remark 9.1.8 (ii), we may assume that |G(H∗)| = 4. Then (H∗)coB
∗
=
k1 ⊕ kt ⊕ V , where 1 6= t ∈ G(H) and V is an irreducible left coideal
of dimension 2. Consider the possible decompositions of (H∗)coB
∗
as a
Yetter-Drinfeld submodule of H∗, as in Lemma 1.4.1. Since 3 does not
divide dimH , the dimensions of the irreducible summands are either
1 or 2. Decomposing each irreducible Yetter-Drinfeld summand as a
sum of irreducible left coideals, implies that kt is necessarily a Yetter-
Drinfeld submodule ofH . Hence t ∈ G(H)∩Z(H) and H is not simple.
This concludes the proof of the lemma. 
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9.2. Main result
In view of the lemmas in the previous section, we may assume that
H is of type (1, 4; 2, 1; 4, 2) as an algebra and as a coalgebra. Moreover
we haveH = R#A, where A ≃ H8 andR = k1⊕U , for some irreducible
left coideal U of dimension 4. We keep this notation along this section.
Lemma 9.2.1. If R is cocommutative then H is not simple.
Proof. We have U ⊆ R is a subcoalgebra in AAYD and SRU = U .
On the other hand, Ut ≃ U for some 1 6= t ∈ G(H) = G(A). Let
G(U) = {x1, . . . , x4}. By [N3, Lemmas 2.2.1 and 2.2.3] Uxi is a left
coideal of R and Uxi ≃ U(t.xi); so if t.xi 6= xi, by counting dimensions,
xi ∈ Uxi implying that 1 ∈ U , which is a contradiction. Therefore t
acts trivially on R. The lemma will follow from the following claim:
Claim 9.2.2. Let A → End V be an action of A ≃ H8 on a vector
space V such that there exists 1 6= t ∈ G(A) with t|V = idV . Then
t′|V = idV for all t
′ ∈ G(A) ∩ Z(A).
Proof. By [M4] we know that A is generated as an algebra by
G(A) = {1, x, y, xy} and an invertible element z such that zx = yz.
Moreover, G(A) ∩ Z(A) = {1, xy}. If t = xy, then there is nothing to
prove. Thus, without loss of generality we may assume that t = x. In
this case the relation zx = yz plus the fact that z is invertible imply
that also y|V = idV . Then we have xy|V = idV as claimed. 

We now prove the main result of this chapter.
Theorem 9.2.3. Let H be a semisimple Hopf algebra of dimension
40. Then H is not simple.
Proof. We may assume that H = R#A is a biproduct, where
A ≃ H8 and R = k1 ⊕ U . By Lemma 9.2.1 it will be enough to show
that U is cocommutative. Suppose on the contrary that U is a simple
coalgebra. Observe that U#A is a subcoalgebra of H ; moreover, there
exist t, s ∈ G(H) such that Ut ≃ U and Us is an irreducible coideal not
isomorphic to U . In particular, (U#A) ∩ C 6= 0 and (U#A) ∩ C ′ 6= 0,
where C and C ′ are the simple subcoalgebras of H containing U and
Us, respectively. Thus, U#A = C ⊕ C ′ ≃ M4(k)⊕M4(k).
On the other hand, the assumption that U is simple implies that
U#A ≃ U⊗φA for some invertible normalized 2-cocycle φ ∈ A⊗A; see
[Mo, 7.3.1]. By [M5, Theorem 4.8 (1)] φA ≃ A as coalgebras, which
gives U#A ≃M2(k)
(4)⊕M4(k). This is a contradiction, which implies
that U is cocommutative and finishes the proof of the theorem. 
CHAPTER 10
Dimension 42
Let H be a semisimple Hopf algebra of dimension 42 over k. We
shall assume that H is nontrivial. Suppose that H fits into an abelian
extension
1→ kΓ → H → kF → 1,
where Γ and F are finite groups. It follows from the results in [N,
Section 4] that in this case H is isomorphic to one of the Hopf algebras
A7(2, 3) or A7(3, 2) = A7(2, 3)
∗ constructed in [AN, (2.3.1)]; indeed
A7(2, 3) (respectively, A7(3, 2)) fits into an extension as above, where
Γ is the non-abelian group of order 14 and F is the cyclic group of
order 3, (respectively, Γ is the non-abelian group of order 21 and F is
the cyclic group of order 2).
For these Hopf algebras, G(A7(3, 2)) ≃ G(A7(2, 3)) ≃ Z6. As coal-
gebras, A7(3, 2) is of type (1, 6; 2, 9) and A7(2, 3) is of type (1, 6; 3, 4).
10.1. Possible (co)-algebra structures
Let H be a nontrivial semisimple Hopf algebra of dimension 42.
Lemma 10.1.1. The order of G(H∗) is either 2, 6 or 14. As an
algebra H is of one of the following types:
• (1, 2; 2, 1; 6, 1),
• (1, 2; 2, 1; 3, 4),
• (1, 2; 2, 10),
• (1, 6; 6, 1),
• (1, 6; 2, 9),
• (1, 6; 3, 4),
• (1, 14; 2, 7).
Proof. Let n = |G(H∗)|. A counting argument, using 1.1, shows
that n 6= 7, 21, and the only possibilities are the prescribed ones if
n = 6 or 14. If n = 1 we find that H must have an irreducible module
of degree 2, which contradicts Corollary 2.2.3. If n = 3, then H is
necessarily of type (1, 3; 2, 3; 3, 3), which is discarded by Theorem 2.2.1.
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Suppose finally that n = 2. Then, either H is of one of the pre-
scribed algebra types, or else H is of one of the following types:
(1, 2; 2, 6; 4, 1), (1, 2; 2, 2; 4, 2).
However, by Remark 2.2.2 (i), in these cases we have G[χ] = G(H∗), for
all irreducible character χ of degree 2. By Theorem 2.4.2, H has a Hopf
algebra quotient H → H , where dimH = 2 + 6.4 or dimH = 2 + 2.4,
respectively. By [NZ], this is not possible. Then the lemma follows. 
Remark 10.1.2. (i) Since 12 does not divide the dimension ofH , by
Theorem 2.2.1, every irreducible character of degree 2 is stable under
left multiplication by some group-like element g ∈ G(H∗) of order 2.
(ii) It follows from Lemma 10.1.1 that G[χ] is nontrivial for all
irreducible character χ of degree 6. Also, if |G(H∗)| = 6, then for all
irreducible character χ of degree 3, G[χ] is of order 3.
(iii) It follows from Lemma 10.1.1 that G(H∗) always contains a
subgroup of order 2.
Lemma 10.1.3. (i) Suppose H is of type (1, 2; 2, 10) as a coalgebra.
Then H is commutative.
(ii) Suppose H is of type (1, 2; 2, 1; 6, 1) or (1, 2; 2, 1; 3, 4) as a coal-
gebra. Then H contains a Hopf subalgebra isomorphic to kS3, where S3
is the symmetric group on 3 symbols.
Proof. (i) This follows from Theorem 4.6.5, since by Remark
10.1.2 (iii), |G(H∗)| is even.
(ii) In this case H has a unique simple subcoalgebra C of dimen-
sion 4, necessarily stable under left and right multiplication by G(H).
Therefore A = kG(H) ⊕ C is a Hopf subalgebra of H of dimension
6, which is not cocommutative; hence, in view of the classification of
semisimple Hopf algebras of dimension 6, A ≃ kS3 . 
Lemma 10.1.4. Suppose that H is of type (1, 14; 2, 7) as a coalgebra.
Then H is commutative.
Proof. Note that the groupG(H∗) must be abelian by Proposition
1.2.6. Suppose that G(H∗) is of order 2 or 6. By Lemmas 10.1.1 and
10.1.3, either there is a quotient Hopf algebra p : H → kG, where
G is a group of order 6, or else G(H∗) ≃ S3 is nonabelian of order
6. In the first case, a dimension argument implies that Hco p = kΓ,
where Γ ⊆ G(H) is the only subgroup of order 7. Therefore, H fits
into the (abelian) extension 1 → kΓ → H → kG → 1, and the lemma
follows from [N, Section 4]. In the second case, there is a projection
q : H → kT ≃ kT , where T ⊆ G(H∗) is the only subgroup of order
3; hence dimHco q = 14, and Γ ⊆ Hco q. A dimension argument shows
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that G(H) ⊆ Hco q and thus kG(H) = Hco q. Therefore H fits into an
abelian exact sequence 1 → kG(H) → H → kT → 1, and the lemma
follows also from [N, Section 4].
We claim that H∗ is not of type (1, 14; 2, 7) as a coalgebra. Indeed,
in this case, we have G(H) ≃ G(H∗) is abelian and H ≃ R#kG(H) is a
biproduct, where R is of dimension 3. In particular, R is commutative
and cocommutative, and it follows easily that the only subgroup F of
order 7 of H acts trivially on R. Then F is central in H , and there
is a central extension 0 → kF → H → K → 1. Now, since every
6-dimensional semisimple Hopf algebra is trivial and since |G(H∗)| is
not divisible by 3, we find that K is necessarily isomorphic to a group
algebra. In particular, this extension is abelian. This is a contradiction
since |G(H)| 6= 6. This completes the proof of the lemma. 
Lemma 10.1.5. H is not of type (1, 6; 6, 1) as a coalgebra.
Proof. Suppose on the contrary that H is of type (1, 6; 6, 1) as a
coalgebra. It follows from Lemmas 10.1.1, 10.1.3 and 10.1.4 that there
is a quotient Hopf algebra H → A, where A is of dimension 6. Hence,
A ≃ kG(H) and H is a biproduct H ≃ R#kG, where R ≃ H/H(kG)+
is a braided Hopf algebra over G of dimension 7, and G = G(H).
As a left coideal of H , R decomposes as a direct sum R = k1⊕ V ,
where V is an irreducible left coideal of dimension 6. In particular, V is
a subcoalgebra of R in the category of Yetter-Drinfeld modules over G,
and the smash coproduct coalgebra V#kG coincides with the unique
simple subcoalgebra of H of dimension 36. Since H2(G, k×) = 1, it
follows from [N2, 1.3.1] that V is cocommutative and the action of G
permutes the 6 distinct group-like elements. Thus V has a basis xi,
1 ≤ i ≤ 6, consisting of group-like elements of R.
By [N3, 2.2], V xi is a left coideal of R containing 1, and V xi ≃ V xj ,
for all 1 ≤ i, j ≤ 6 such that gxi = xj , for some g ∈ G. Note that
xi does not belong to V xi: indeed, since xi is invertible (with inverse
x−1i = SR(xi)), if xi =
∑
j xjxi, then 1 ∈
∑
j xj ∈ V , which is absurd.
Decomposing V xi into a direct sum of irreducible left coideals of R,
we get V xi = k1 ⊕
⊕
l 6=i kxl, where gi 6= g, for all i. If g ∈ G is such
that gxi = xj 6= xi, we have gxi ∈ V xi. But then xj ∈ V xj ≃ V xi.
This is a contradiction. Then the lemma follows. 
Lemma 10.1.6. Suppose H is of coalgebra type (1, 2; 2, 1; 6, 1) or
(1, 2; 2, 1; 3, 4). Then H is commutative.
Proof. We shall show that H fits into an abelian extension, and
hence is trivial by [N, Section 4].
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By Lemma 10.1.3, H has a Hopf subalgebra A isomorphic to kS3.
We claim that there is no Hopf algebra surjection p : H → kS3. If
this were the case, then A ∩ Hco p = k1. Indeed, as a left coideal of
H , Hco p decomposes as a direct sum or irreducible left coideals. Note
that G(A) = G(H) intersects trivially Hco p by [NZ]. If A∩Hco p 6= k1,
then there is a 2-dimensional irreducible left coideal U of A such that
U ⊆ Hco p. Then Hco p = k1 ⊕ U ⊕W , where W is a left coideal of H
of dimension 4, such that W contains no one-dimensional left coideal
of H . This is not possible and therefore A ∩ Hco p = k1 as claimed.
But then the restriction p : kS3 → kS3 is an isomorphism, which is not
possible. This establishes the claim. In particular, |G(H∗)| 6= 2.
We may then assume that |G(H∗)| = 6. Hence, by Lemma 10.1.5,
H∗ is of type (1, 6; 3, 4) or (1, 6; 2, 9) as a coalgebra. Dualizing the
inclusion A ⊆ H , we get a Hopf algebra quotient p : H∗ → kS3. By
[NZ], G(H∗) ∩ Hco p = k1; so that the restriction p : kG(H∗) → kS3
is an isomorphism. In particular, G(H∗) is non-abelian and H∗ is
isomorphic to a biproduct H∗ ≃ R#kG(H∗), where dimR = 7. Let
Γ ⊆ G(H∗) be the unique subgroup of order 3.
Case I. H∗ is of type (1, 6; 3, 4).
In this case, R = k1 ⊕ W1 ⊕ W2, where Wi are irreducible left
coideals of H∗ of dimension 3. Since Γ = G[χ] for all irreducible χ of
degree 3, then gWi ≃Wi ≃Wig, for all g ∈ Γ, i = 1, 2.
Claim 10.1.7. ρ(Wi) is not contained in kΓ⊗Wi.
Proof. Suppose on the contrary that ρ(W1) ⊆ kΓ ⊗ W1. Let
R˜ := k[W1]; then R˜ is a subalgebra and subcoalgebra of R which is
stable under the action of Γ and ρ(R˜) ⊆ kΓ⊗ R˜. Therefore A˜ = R˜#kΓ
is a Hopf subalgebra of H∗, and dim A˜ = 3dim R˜ > 12. Then dim A˜ =
21, thus A˜ is commutative and normal, and moreover the quotient
H∗/H∗A˜+ is cocommutative, since kΓ ⊆ A˜. Hence, G(H∗) is abelian,
which is a contradiction. This proves the claim. 
Fix i = 1, 2. We may assume that there exists 0 6= w ∈ Wi, such
that ρ(w) = a ⊗ w, where a ∈ G(H∗) is an element of order 2. Let
1 6= g ∈ Γ, so that 0 6= g.w ∈ Wi is homogeneous of degree gag
−1 6= a.
Hence W
coG(H∗)
i = 0, and R
coG(H∗) = k1.
Dualizing, H = R∗#A and the subalgebra (R∗)A of invariants in R∗
is one-dimensional, since (R∗)A ≃ HomG(H
∗)(R, k). By [AN2, Section
8], (R∗)A is isomorphic to the Hecke algebra of the pair A,H ; that is,
(R∗)A ≃ eAHeA, where eA ∈ A is the normalized integral. By [AN2,
Theorem 4.4] there is a bijection between irreducible representations of
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(R∗)A and irreducible representations of H appearing in IndHA ǫA with
positive multiplicity. This is a contradiction, hence the lemma follows.
Case II. H∗ is of type (1, 6; 2, 9).
We shall use the action defined in (1.2.5).
Claim 10.1.8. The action Γ × Γ × X2 → X2, given by (g, h).χ =
gχh−1 is freely transitive.
Proof. Let χ ∈ X2. It will be enough to show that the stabilizer
(Γ × Γ)χ is trivial. Let g, h ∈ Γ such that gχh
−1 = χ. Then G[χ] =
G[gχh−1] = gG[χ]g−1. This implies that g = 1, because G[χ] is of
order 2 and G(H∗) is not abelian. Therefore χh−1 = χ, and h = 1.
This proves the claim. 
Observe that there exists χ ∈ X2 such that χ
∗ = χ, because |X2| is
odd. Hence χ2 = 1+a+χ′, where (χ′)∗ = χ′, andG[χ] = {1, a} = G[χ′].
Note also that χ 6= χ′, since H has no quotient of dimension 6 which
is not commutative. Write χ′ = gχh−1, g, h ∈ Γ. Hence G[χ] =
G[χ′] = gG[χ]g−1, implying g = 1. So χ′ = χh−1 and h 6= 1. Thus
χh−1 = χ′ = (χ′)∗ = hχ∗ = hχ; which implies that hχh = χ. This
contradicts Claim 10.1.8. The proof of the lemma is now complete. 
10.2. Classification
We shall now prove Theorem 3. In view of the previous results, we
may assume that H is of type (1, 6; 2, 9) or (1, 6; 3, 4) as a coalgebra.
The proof of the theorem of will follow from the next two lemmas.
Lemma 10.2.1. Suppose that H is of type (1, 6; 2, 9) as a coalgebra.
Then H is isomorphic to A7(3, 2).
Proof. By the above, we also have |G(H∗)| = 6. Therefore the
groups G(H) and G(H∗) are both abelian. This implies that G(H)
contains a unique subgroup F of order 2. In particular, H ≃ R#kF
is a biproduct over F . The subgroup F necessarily stabilizes all 4-
dimensional simple subcoalgebras. Therefore the quotient coalgebra
H/H(kF )+ ≃ R is cocommutative. It follows from Proposition 4.6.1
that H fits into an abelian extension. This implies the lemma. 
Lemma 10.2.2. Suppose that H is of type (1, 6; 3, 4) as a coalgebra.
Then H is isomorphic to A7(2, 3).
Proof. Also here we have H ≃ R#kG is a biproduct, where G
is the unique subgroup of order 3 of G(H). By Remark 10.1.2, G
stabilizes all simple subcoalgebras of H of dimension 9. Then R is
a cocommutative coalgebra and the lemma follows from Proposition
4.6.1. 
CHAPTER 11
Dimension 48
11.1. First reduction
Let H be a nontrivial semisimple Hopf algebra of dimension 48.
Lemma 11.1.1. The order of G(H∗) is either 2, 3, 4, 6, 8, 12, 16
or 24. As an algebra, H is of one of the following types:
• (1, 2; 2, 3; 3, 2; 4, 1),
• (1, 3; 3, 1; 6, 1),
• (1, 3; 2, 9; 3, 1),
• (1, 3; 3, 5),
• (1, 4; 2, 2; 3, 4),
• (1, 4; 2, 3; 4, 2),
• (1, 4; 2, 7; 4, 1),
• (1, 4; 2, 11),
• (1, 4; 2, 2; 6, 1),
• (1, 6; 2, 6; 3, 2),
• (1, 8; 2, 2; 4, 2),
• (1, 8; 2, 10),
• (1, 8; 2, 6; 4, 1),
• (1, 12; 2, 9),
• (1, 12; 3, 4),
• (1, 12; 6, 1),
• (1, 16; 2, 8),
• (1, 16; 4, 2),
• (1, 24; 2, 6).
Proof. The possibility |G(H∗)| = 1 is discarded by 1.1 and The-
orem 2.2.1; see Corollary 2.2.3.
The only possibilities with |G(H∗)| = 2 are the types (1, 2; 2, 7; 3, 2)
and (1, 2; 2, 3; 3, 2; 4, 1). In the first case, H cannot have Hopf algebra
quotients of type (1, 3; 3, 1). Therefore, by Remark 2.2.2 (i) every ir-
reducible character of degree 2 is stable under left multiplication by
G(H∗); hence by Theorem 2.4.2 there is a quotient Hopf algebra of
dimension 30, which is impossible.
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Suppose that |G(H∗)| = 16. The only possibility excluded in the
list is the type (1, 16; 2, 4; 4, 1). Suppose on the contrary that H is of
this type. Then H has four irreducible characters of degree 2 and one
irreducible character of degree 4. In particular, the action of G(H∗) on
X2 is transitive and |G[χ]| = 4, for all irreducible character of degree
2. By Remark 2.4.3 (iii), there is a quotient Hopf algebra of dimension
32, which is impossible. The rest of the lemma follows from 1.1. 
Remark 11.1.2. (i) IfH is of type (1, 24; 2, 6), thenH is not simple,
by Corollary 1.4.3.
(ii) Suppose that H is of type (1, 4; 2, 3; 4, 2) as a coalgebra. By
Theorem 2.4.2 the irreducible characters of degrees 1 and 2 give rise to
a Hopf subalgebra of dimension 16.
(iii) If H is of type (1, 8; 2, 2; 4, 2) as a coalgebra then the irreducible
characters of degrees 1 and 2 give a Hopf subalgebra of dimension 16;
see Remark 2.4.3 (iii).
(iv) Suppose that H is of type (1, 2; 2, 3; 3, 2; 4, 1) as a coalgebra.
Then H is not simple.
Proof. We have that H does not contain Hopf subalgebras of di-
mension 12 [F]. On the other hand, there must exist an irreducible
character χ of degree 2, such that G[χ] = 1 (since otherwise there
would be a Hopf subalgebra of dimension 14). By Theorem 2.2.1, H
has a Hopf subalgebra of dimension 24 and then H is not simple. 
(v) Suppose that H is of type (1, 4; 2, 2; 3, 4) as a coalgebra. Then
H contains unique Hopf subalgebras A1 ⊆ A of dimension 6 and 12,
respectively.
Proof. The irreducible characters of degrees 1 and 2 give rise to
a (unique) Hopf subalgebra of dimension 12.
Let ψ1, . . . , ψ4 be the irreducible characters of degree 3, and let
χ1, χ2 be the irreducible characters of degree 2. We have ψ
∗
1ψ1 = 1 +
χ1 + ψ + ψ
′, where ψ, ψ′ are irreducible of degree 3; this implies that
χ∗i = χi, i = 1, 2. Thus ψ1χ1 = ψ1 + ψ1a, where 1 6= a ∈ G[χ1]. In
particular, |G[χ1]| = |G[χ2]| = 2.
Let ψi be any irreducible character of degree 3; thus ψi = gψ1, for
some g ∈ G(H). Hence ψ∗i ψi = ψ
∗
1ψ1 = 1 + χ1 + ψ + ψ
′.
Then χ21 = 1+a+χ, where χ is irreducible of degree 2. Comparing
decompositions of ψ1χ
2
1, we find that ψ1χ = ψ1 + ψ1a, implying that
m(χ, ψ∗1ψ1) = 1 and in turn that χ = χ1. Then G[χ1] ∪ {χ1} give rise
to a Hopf subalgebra A1 of dimension 6. We have also m(χ1, χ2χ1) =
m(χ2, χ
2
1) = 0. Therefore m(χ2, χ2χ1) = m(χ2, χ1χ2) = m(χ1, χ
2
2) > 0,
implying that m(χ2, χ2χ1) = m(χ1, χ
2
2) = 1. Thus χ2 = bχ1, b 6= a ∈
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G(H) and χ22 = 1+a+χ1. In particular, A1 is the only six-dimensional
Hopf subalgebra of H as claimed. 
Note that the set {ψ, ψ′} is stable under the adjoint action of G(H)
and also under ∗. Also, if ψ = ψ′, then H is not simple; indeed,
in this case, G[χ1], χ1, ψ and aψ = ψa span a standard subalgebra
corresponding to a Hopf subalgebra of dimension 24.
(vi) Suppose that H is of type (1, 4; 2, 2; 6, 1) as a coalgebra. Then
H contains a unique Hopf subalgebra A of dimension 12, which coin-
cides with the sum of simple subcoalgebras of dimension 1 and 4.
Lemma 11.1.3. Suppose that H is of type (1, 4; 2, 7; 4, 1) as a coal-
gebra. Then H is not simple.
Proof. By Proposition 2.1.3, H contains a Hopf subalgebra A of
dimension 8. In particular, the group G(H) = G(A) is not cyclic.
Let ζ ∈ H be the unique irreducible character of degree 4. Hence
we have gζ = ζ = ζg, for all g ∈ G(H). Let λ ∈ A be the unique
irreducible character of degree 2. We claim that
λζ = 2ζ = ζλ.
Indeed, otherwise, there would exist χ ∈ X2 such that m(χ, λζ) > 0;
hence λζ = χ + . . . . Multiplying on the left by λ, and using that
λ2 =
∑
g∈G(H) g, we find that λχ = ζ is irreducible. This contradicts
Lemma 2.4.1. Thus λζ = 2ζ , and then ζλ = (λζ)∗ = 2ζ∗ = 2ζ . Hence
the claim is established.
This implies that AC = C = CA. It follows from Corollary 3.2.5
and [M5, Theorem 4.8 (1)] that A is commutative. Suppose that B ⊆
H is another Hopf subalgebra of dimension 8. Then the same argument
applies, and thus k[A,B]C = C = Ck[A,B]. Hence dim k[A,B] = 16
and the Hopf subalgebra k[A,B] is normal in k[C] = H . Therefore H
is not simple in this case.
Suppose next that B ⊆ H is a Hopf subalgebra of dimension 6; we
may assume that k[A,B] = H . We have G(B) ∩ Z(B) 6= 1 and, since
A is commutative, this group is central in k[A,B] = H . Hence H is
not simple in this case.
Since H cannot contain Hopf subalgebras of dimension 32, there
exist χ, ψ ∈ X2 such that χ
∗ψ = ζ is irreducible of degree 4. It follows
from Lemma 2.4.1 that G[χ] and G[ψ] are distinct subgroups of order
2 of G(H). Write ψψ∗ = 1 + a + τ , where τ ∈ X2 and G[ψ] = {1, a};
thus τ = τ ∗ and G[ψ] ⊆ G[τ ]. Similarly, χχ∗ = 1+b+µ, where µ ∈ X2
and G[χ] = {1, b}; thus µ = µ∗ and G[χ] ⊆ G[µ]. In view of Lemma
2.4.1, we have µ 6= τ . Hence, after changing if necessary ψ and χ, we
may assume τ 6= λ.
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Suppose G[τ ] = G(H). Then τ and G(H) span a standard subalge-
bra corresponding to a Hopf subalgebra of dimension 8, and we know
H is not be simple in this case. Hence we may assume |G[τ ]| = 2.
If τ = ψg, g ∈ G(H), then τ 2 = ψg(ψg)∗ = 1 + a + τ . Thus τ and
G[τ ] span a standard subalgebra corresponding to a Hopf subalgebra
of dimension 6, and H is not simple.
Therefore we may assume that the orbits τG(H) and ψG(H) are
disjoint. Then the orbits of the right action of G(H) on X2 are
λG(H), χG(H), ψG(H), τG(H),
and the only orbits with (left) stabilizer G[ψ] are ψG(H) and τG(H).
Note that if π ∈ X2 is such that m(π, ψζ) > 0, then m(ζ, π
∗ψ) =
m(π, ψζ) > 0. Therefore G[π] ∩G[ψ] = 1 and π ∈ χG(H). Thus ψζ =
χ+χt+ζ , for some t ∈ G(H). In particular, m(ζ, ζψ∗) = m(ζ, ψζ) = 1.
On the other hand, ζψ∗ = χ∗ψψ∗ = χ∗+χ∗a+χ∗τ . Hence χ∗τ = ζ
is irreducible. Letting X = {ρ ∈ X2 : χ
∗ρ = ζ}, we have X =
ψG(H)∪ τG(H). Moreover, we have G(H)X = X = XG(H): the left
hand side equality, because G[gρ] = G[ρ], for all g ∈ G(H), and the
only elements in X2 with stabilizer G[ψ] are in ψG(H) ∪ τG(H) = X .
Let σ, ρ ∈ X ′ = X ∪ {λ}. Then the product σ∗ρ 6= ζ . Note also
that, for all ρ ∈ X , we have m(χ, ρζ) = m(χg, ρζ) = m(ζ, χ∗ρ) = 1.
Hence we have ρζ = χ+ χt+ ζ , and thus m(ρ, ζ2) = 1, for all ρ ∈ X .
This allows us to write ζ2 =
∑
g∈G(H) g+2λ+
∑
ρ∈X ρ. In particular,
it follows that X ′ is closed under ∗. If σ ∈ X , then
σζ2 =
∑
g∈G(H)
σg + 2σλ+
∑
ρ∈X
σρ
= (σζ)ζ = (χ+ χt+ ζ)ζ = 2χζ + ζ2
= 2
∑
ν∈X
ν +
∑
g∈G(H)
g + 2λ+
∑
ρ∈X
ρ.
This implies that for all σ, ρ ∈ X , the product ρσ decomposes as a
sum of elements of X ′ ∪ G(H). Also, since λζ2 = 2ζ2 = ζ2λ, then all
products λσ, σλ decompose as sums of elements of X , for all σ ∈ X .
Hence X ′ ∪ G(H) spans a standard subalgebra of R(H∗) which
corresponds to a Hopf subalgebra of dimension 24. This proves the
lemma. 
Lemma 11.1.4. Assume that H is of type (1, 6; 2, 6; 3, 2) as a coal-
gebra. Then H is not simple.
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Proof. Since the dimension of H is not divisible by 30, there must
exist χ ∈ X2 such that G[χ] = 1. By Theorem 2.2.1, H has a Hopf
subalgebra A of type (1, 3; 3, 1) as a coalgebra.
Let ψ ∈ Ĥ∗ be the unique irreducible character of degree 3 in
A. Then we have ψ2 = 1 + a + a2 + 2ψ, where G[ψ] = {1, a, a2}.
Let b ∈ G(H) of order 2, so that bψ = ψ′ = ψb is the remaining
degree 3 irreducible character. We have ψ′ψ, ψψ′ belong to the span
of G(H) ∪ {ψ, ψ′}. Thus G(H) ∪ {ψ, ψ′} spans a standard subalgebra
of H which corresponds to a Hopf subalgebra of dimension 24. This
implies that H is not simple, as claimed. 
Lemma 11.1.5. Assume that H is of type (1, 3; 3, 5) as a coalgebra.
Then H is not simple.
Proof. Let ψ ∈ H be an irreducible character of degree 3. De-
composing the product ψψ∗, we see that G[ψ] = G(H) is necessarily of
order 3.
By Remark 3.2.7, the quotient coalgebra H/H(kG(H))+ is cocom-
mutative. In particular, we may assume that |G(H∗)| is not divisi-
ble by 3: otherwise H would be a biproduct H = R#kG(H), with
R ≃ H/H(kG(H))+ cocommutative, implying that H is not simple,
by Proposition 4.6.1.
By Lemma 11.1.1 and the previous lemmas, we may assume that
there is a Hopf algebra quotient H → B, where dimB = 4; hence
dimHcoB = 12, and by [NZ], kG(H) ⊆ HcoB.
Let HcoB = kG(H)⊕ V1 ⊕ V2 ⊕ V3 be a decomposition of H
coB as
a sum of irreducible left coideals of H . If V1, V2 and V3 are pairwise
isomorphic, then HcoB is a subcoalgebra of H and the map H → B is
normal. Hence we may assume that V1 appears with multiplicity 1 in
HcoB.
Suppose that Vi appears with multiplicity 1 in H
coB. Then neces-
sarily gVi = Vi = Vig, for all g ∈ G(H), i = 1, 2, 3. Let Ci ⊆ H be
the simple subcoalgebra containing Vi. By Corollary 3.5.2 kG(H) is
normal in k[Ci]. Hence, we may assume that dim k[Ci] = 12.
We claim that Vi appears with multiplicity 1, for all i. As above,
implies that G(H) is normal in k[Ci] for all i. Since k[C1, C2, C3] = H ,
it follows that G(H) is normal in H and we are done.
To prove the claim we argue as follows. By Lemma 1.7.1, (HcoB)∗ ≃
IndH
∗
B∗ 1 as left H
∗-modules. Hence, IndH
∗
B∗ 1 =
∑
g∈G(H) g + ψ1 + 2ψ2,
where ψ1 6= ψ2 ∈ H are irreducible characters of degree 3. In particular,
ψ∗2 = ψ2.
We may also assume that the Hopf subalgebra k[C], where C is the
subcoalgebra corresponding to ψ2, is all of H ; otherwise, dim k[C] = 12
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and G(H) would be normal in k[C], hence G(H) would be normal in
H = k[C,C1] (by dimension).
By Frobenius reciprocity, ψ2|B∗ = 2.1 + t, where 1 6= t ∈ G(B).
Since ψ∗2 = ψ2, then t
2 = 1. Let A = k〈t〉 ⊆ B. Consider the composi-
tion
π : H → B → B := B/BA+.
We have ψ2|B = π(ψ2) = 3.1. Applying again the Frobenius reciprocity,
this gives m(ψ2, Ind
H∗
B
∗ 1) = 3 = degψ2.
Therefore, by Lemma 1.7.1, HcoB contains the simple subcoalgebra
C corresponding to ψ2. This is absurd, since it implies that k[C] =
H ⊆ HcoB. This finishes the proof of the lemma. 
Lemma 11.1.6. Assume that H is of type (1, 3; 2, 9; 3, 1) as a coal-
gebra. Then H is not simple.
Proof. Let ψ be the unique irreducible character of degree 3. For
all irreducible character µ of degree 2, we have µµ∗ = 1 + ψ. By
Theorem 2.2.1, G(H) and ψ span a standard subalgebra of R(H),
which corresponds to a commutative Hopf subalgebra of coalgebra type
(1, 3; 3, 1). In particular, the dimension of an irreducible H-module is
at most [H : A] = 4. Thus H∗ cannot be of type (1, 3; 3, 1; 6, 1). More-
over, by previous results in this section, we may assume that either H∗
is of type (1, 3; 2, 9; 3, 1) as a coalgebra, or else there is a Hopf algebra
quotient H → B, where dimB = 4.
In the last case, we have dimHcoB = 12 and G(H) ⊆ HcoB, by
[NZ]. Also, unless A = HcoB is normal in H , we may assume that
HcoB contains an irreducible left coideal V of dimension 2. Therefore,
HcoB = kG(H) ⊕ ⊕g∈G(H)gV ⊕W as a left coideal of H , where W is
an irreducible left coideal of dimension 3. This implies that G(H)χ =
χG(H), where χ is the character of V . Moreover, by Lemma 1.7.1,
there exists g0 ∈ G(H) such that χ
∗ = g0χ.
The relation χ∗χ = 1+ ψ implies that ψχ =
∑
g∈G(H) gχ. Also, for
all g, h ∈ G(H), we have χh = h0χ, for some h0 ∈ G(H) and therefore,
(gχ)(hχ) = gh0χ
2 = gh0(g0)
−1χ∗χ,
so that (gχ)(hχ) belongs to the span of G(H) and ψ. It follows that
G(H), ψ and G(H)χ span a standard subalgebra, corresponding to a
Hopf subalgebra of dimension 24. Hence H is not simple in this case.
Suppose finally that H∗ is of type (1, 3; 2, 9; 3, 1) as a coalgebra.
Then there is a projection q : H → B, where B = kG(B) is of dimen-
sion 12. The coalgebra structure of B∗ implies that G(B) has a unique
normal subgroup of order 4. We have necessarily HcoB = k1⊕V , where
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V is an irreducible left coideal of dimension 3; whence dim q(A) = 3
and q(ψ) =
∑
x∈G(q(A)) x.
Since |X2| is odd, there exists an irreducible character χ of degree
2, such that χ∗ = χ. Then q(χ) = a + b, where a, b ∈ G(B). The
relation χ2 = 1 + ψ implies that G(q(A)) ⊆ 〈a, b〉. We cannot have
a2 = b2 = 1, since otherwise 〈a, b〉 would be contained in the unique
subgroup of order 4 of G(B). Hence b = a−1, and G(q(A)) = 〈a〉 of
order 3.
Let C be the simple subcoalgebra containing χ. Then q(k[C]) = 〈a〉;
in particular, k[C] 6= H . In addition, A ⊆ k[C], so that 12/ dim k[C].
Hence, dim k[C] = 24 and thus H is not simple. This finishes the proof
of the lemma. 
Lemma 11.1.7. Let H be of type (1, 8; 2, 2; 4, 2) or (1, 8; 2, 10) as a
coalgebra. Assume H is simple. Then H contains a Hopf subalgebra of
dimension 16.
Proof. If H is of type (1, 8; 2, 2; 4, 2), the claim follows from Re-
mark 11.1.2 (iii). So assume H is of type (1, 8; 2, 10). For all λ ∈ X2
we have |G[λ]| = 2 or 4.
Suppose χ ∈ X2 is such that G[χ] = G[χ
∗] of order 4. Let A =
kG[χ] and C the simple subcoalgebra containing χ. We have AC =
C = CA, whence A is normal in k[C] by Proposition 3.2.6. Since
|G[χ]| = 4, A is normal in kG(H) and then it is also normal in K =
k[C,G(H)]. But dimK > 8 is divisible by 8, and we are assuming that
H is simple. Hence dimK = 16 and we are done.
Assume first that |G[λ]| = 4 for all λ ∈ X2. We claim that there
exists χ ∈ X2 such that G[χ] = G[χ
∗], implying the lemma. To prove
the claim, consider the action ofG(H)×G(H) onX2 given by (g, h).χ =
gχh−1. The orbit of an element χ is G(H)χG(H), so it has order 2 or
4, and clearly G(H)χG(H) and G(H)χ∗G(H) are of the same order,
for all χ. Also, because G[χ] is normal in G(H), G[λ] = G[χ] for all
λ ∈ G(H)χG(H). Suppose on the contrary that G[χ] 6= G[χ∗] for all
χ ∈ X2. Then G(H)χG(H) and G(H)χ
∗G(H) are disjoint. Let α ∈ X2
such that α is not conjugate to χ nor to χ∗ (such an α exists because
|X2| = 10). Then the orbits G(H)χG(H), G(H)χ
∗G(H), G(H)αG(H)
and G(H)α∗G(H) are pairwise disjoint.
Then |X2| = 10 ≥ 2|G(H)χG(H)| + 2|G(H)αG(H)| ≥ 8, and
there must exist β not in any of these orbits. Hence, by dimension,
G(H)βG(H) = G(H)β∗G(H). Thus G[β] = G[β∗] and the lemma
holds in this case.
Suppose next that |G[λ]| = 2 for some λ ∈ X2. Then λλ
∗ =∑
g∈G[λ] g+χ for some χ ∈ X2 such that χ
∗ = χ. If |G[χ]| = 4, then we
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are done. Otherwise, we may assume χG(H) is the only orbit with 4
elements: if not, since |X2| = 10, there would be a unique orbit αG(H)
with stabilizer of order 4, and thus G[α∗] = G[α] implying the lemma.
In particular, for all g ∈ G(H), gχg−1 = χa, a ∈ G(H), and
therefore G[gχg−1] = gG[χ]g−1 = G[χ]. That is, G[χ] E G(H).
Also λ = χt, t ∈ G(H), and χ2 =
∑
g∈G[χ] g+ χ. Hence G[χ] and χ
span a standard subalgebra corresponding to a Hopf subalgebra A of
dimension 6. Moreover, G[χ] is central in A. Then kG[χ] is normal in
k[A,G(H)]. But this implies dim k[A,G(H)] = 24 or 48, and H is not
simple in this case. 
Lemma 11.1.8. Suppose that H is of type (1, 8; 2, 6; 4, 1) as a coal-
gebra. Then H is not simple.
Proof. Let ζ ∈ C be the unique irreducible character of degree 4
in H . Let X = {χ ∈ X2 : m(χ, ζ
2) > 0}, so that ζ2 =
∑
g∈G(H) g +∑
χ∈X nχχ+nζ , where nχ = m(χ, ζ
2) = m(ζ, χζ) = 1 or 2, χ ∈ X . We
have X is stable under ∗ and left and right multiplication by G(H).
If X = ∅ then G(H) and ζ span a standard subalgebra correspond-
ing to a Hopf subalgebra of dimension 24. Hence H is not simple in
this case. Thus we may assume X 6= ∅.
Let χ ∈ X . We have χζ = nχζ +
∑
λ, where λ runs over the set
Λ = {λ ∈ X2 : m(λ, χζ) = m(ζ, λ
∗χ) > 0}. Then degχζ = 4nχ+2|Λ|.
Note that ΛG(H) = Λ, so that |Λ| = 0 (iff nχ = 2) or 2 (iff nχ = 1).
If |Λ| = 0, we have nχ = 2. Since gχ appears in ζ
2 with the
same multiplicity as χ, for all g ∈ G(H). Then |G[χ]| = 4 and ζ2 =∑
g∈G(H) g + 2χ + 2tχ, for some t ∈ G(H). In particular G(H)χ =
χG(H). Also χζ2 = 2ζ2. Then G(H), G(H)χ and ζ span a standard
subalgebra corresponding to a Hopf subalgebra of dimension 32. This
is impossible by [NZ]. Hence |Λ| = 2; say Λ = {λ, λa}, a ∈ G(H).
In particular, |G[λ∗]| = |G[λ]| = 4. Then nχ = 1, for all χ ∈ X . So
that ζ2 =
∑
g∈G(H) g + χ1 + χ2 + ζ , with X = {χ1, χ2}, if |X| = 2,
or ζ2 =
∑
g∈G(H) g + χ1 + χ2 + χ3 + χ4, with X = {χ1, χ2, χ3, χ4}, if
|X| = 4.
Then, for each χ ∈ X , χζ = ζ + λ + λa, and thus χζ2 = ζ2 +
λ(1 + a)ζ = ζ2 + 2λζ . Now since λ∗χ = ζ , then λζ = λλ∗χ ∈ G(H)χ.
Hence χζ2 belongs to the span of G(H), ζ and X . Since this happens
for all χ ∈ X , then the irreducible summands of ζ2 span a standard
subalgebra corresponding to a Hopf subalgebra of dimension 32 or 24.
By [NZ] the first case is impossible, and the second one implies that
H is not simple. 
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Lemma 11.1.9. Suppose H is of type (1, 3; 3, 1; 6, 1) as a coalgebra.
Then H is not simple.
Proof. The irreducible characters of degrees 1 and 3 span a stan-
dard subalgebra of R(H), which corresponds to a Hopf subalgebra A
of dimension 12. By [F] A is commutative. In particular, dim V ≤ [H :
A] = 4, for all irreducible H-module V .
Suppose on the contrary that H is simple. Then there is no Hopf
algebra quotient H → B with dimB = 16: otherwise, by [NZ],
kG(H) = HcoB is a normal Hopf subalgebra of H . In view of Lemma
11.1.1 and the previous results, it follows that dimV = 1, 2 or 3 for all
irreducible H-module V . It follows as well that |G(H∗)| = 4 or 12, and
thus G(H∗) contains a subgroup Γ of order 4.
Consider the Hopf algebra projection H∗ → A∗. Then (H∗)coA
∗
⊆
(H∗)co q, where q : H∗ → kG(H) is the natural projection. By [NZ],
we have kΓ ⊆ (H∗)co q. In particular, since (H∗)co q 6= kG(H∗), Γ =
G(H∗)∩ (H∗)co q is a normal subgroup of G(H∗), and it is therefore its
only subgroup of order 4.
Claim 11.1.10. (H∗)co q contains no irreducible left coideal of di-
mension 3.
Proof. Suppose otherwise that U ⊆ (H∗)co q is an irreducible left
coideal of dimension 3. Hence H∗ is of type (1, 4; 2, 2; 3, 4) or (1, 12; 3, 4)
as a coalgebra, and there is a Hopf subalgebra B ⊆ H∗ with dimB =
12, such that B is cocommutative or of type (1, 4; 2, 2).
Since gU is not isomorphic to U , for all g ∈ Γ, the sum
∑
g∈Γ gU
is direct and by dimension, (H∗)co q = kΓ ⊕ ⊕g∈ΓgU . Hence, if H is
simple, (H∗)coA
∗
= k1⊕gU , for some g ∈ Γ. This implies that BcoA
∗
=
B ∩ (H∗)coA
∗
= k1, and therefore that B ≃ A∗ is cocommutative and
H∗ ≃ R#B is a biproduct, where R is a braided Hopf algebra over B
of dimension 4. Proposition 4.4.6 implies that H is not simple in this
case. Hence the claim follows. 
In view of the claim, we may assume that (H∗)coA
∗
= k1⊕ kt⊕ V ,
where 1 6= t ∈ G(H∗), and V is an irreducible left coideal of dimension
2. In particular, tV = V = V t. So that, letting C be the simple sub-
coalgebra of H∗ containing V , we find that t is central in the Hopf sub-
algebra k[C], by Corollary 3.5.2. In particular, k[C] 6= H∗ and by [NZ],
dim k[C] = 12 or 8. In the first case, the restriction q| : k[C] → kG(H)
is surjective; then by [F] k[C] is trivial, whence necessarily commuta-
tive. But this implies that dimU ≤ [H∗ : k[C]] = 4, for all irreducible
H-comodules U , against the assumption on the coalgebra type of H .
Hence dim k[C] = 8 and k[C] ⊆ (H∗)co q.
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We have therefore a decomposition (H∗)co q = k[C]⊕V1⊕V2⊕V3⊕V4,
where Vi is an irreducible left coideal of dimension 2 of H
∗, for all
i = 1, . . . , 4.
Note that Vi appears in (H
∗)co q with multiplicity 1, for all i. Other-
wise, say C1 ⊆ (H
∗)co q, where C1 is the simple subcoalgebra containing
V1. Then k[C,C1] ⊆ (H
∗)co q; but the inclusion k[C] ⊆ k[C,C1] is strict,
so k[C,C1] = (H
∗)co q by dimension restrictions, implying that H is not
simple.
Let τi ∈ X2 be the irreducible character corresponding to Vi, i =
1, . . . , 4, and let λ be the character of V . By Frobenius reciprocity
m(1, q(τiτ
∗
i )) = 2, thus G[τi] 6= Γ, because q(g) = 1, for all g ∈ Γ.
Hence G[τi] is a subgroup of order 2, for all i = 1, . . . , 4. Similarly, we
see that m(τi, λτi) = m(λ, τiτ
∗
i ) = 0
Without loss of generality we may write τ2 = hτ1 and τ4 = gτ3, for
some h, g ∈ Γ\{1}. By the above, λτ1 = τ3 + τ4. Write q(τ1) = 1 + x,
where 1 6= x is of order 3. Since q(λ) = 2.1, we find that q(τi) = 1+ x,
for all i = 1, . . . , 4. This is impossible, since by Lemma 1.7.1, we must
have τ ∗1 = τi for some i, and since q(τ
∗
1 ) = 1 + x
−1. This contradiction
finishes the proof of the lemma. 
Lemma 11.1.11. Suppose that H is simple. Then |G(H)| 6= 12.
This discards the possibility that the types (1, 12; 2, 9), (1, 12; 3, 4)
and (1, 12; 6, 1) in Lemma 11.1.1 correspond to a simple Hopf algebra.
Proof. Suppose on the contrary that |G(H)| = 12.
Claim 11.1.12. |G(H∗)| = 12.
Proof. There is a Hopf algebra surjection H∗ → B, where B ≃
kZ3. Therefore, H
∗ does not contain any Hopf subalgebra A of dimen-
sion 16. Indeed, if this were the case, necessarily (H∗)coB = A, by
[NZ]; hence H would not be simple.
Suppose that |G(H∗)| 6= 12. By previous results, H∗ must be of
type (1, 4; 2, 2; 3, 4), (1, 4; 2, 11) or (1, 4; 2, 2; 6, 1) as a coalgebra.
Consider first the case where H∗ is of one of the types (1, 4; 2, 2; 3, 4)
or (1, 4; 2, 2; 6, 1); so thatH∗ contains a Hopf subalgebra A of dimension
12, which is of type (1, 4; 2, 2) as a coalgebra. Since kG(A) ⊆ (H∗)coB,
and dim(H∗)coB = 16, then (H∗)coB ∩ A = kG(H∗). Let π : H∗ →
kG(H) be the natural Hopf algebra projection. Then we have (H∗)coπ ⊆
(H∗)coB and dim(H∗)coπ = 4. Hence, (H∗)coπ = k1 ⊕ W , for some
irreducible left coideal W of dimension 3. (In particular, H∗ is not of
type (1, 4; 2, 2; 6, 1).)
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Thus (H∗)coπ ∩ A = k1 and the restriction π|A : A → k
G(H) is
an isomorphism. This implies that H is a biproduct H = R#kG(H).
Then the claim follows in this case from Proposition 4.4.6.
Suppose next that H∗ is of type (1, 4; 2, 11). By Proposition 2.1.3,
there is a Hopf algebra quotient H → B′ where B′ is of algebra type
(1, 4; 2, 1); so that dimHcoB
′
= 6. This implies that H is not of type
(1, 12; 6, 1).
By [NZ], any subgroup of order 3 of G(H) is contained in HcoB
′
.
Hence, G(H) contains a unique subgroup F of order 3, and F is the
unique subgroup of G(H) contained in HcoB
′
.
Suppose H is of type (1, 12; 3, 4). Then HcoB
′
= kF ⊕ V , where
V is an irreducible left coideal of H of dimension 3. Then we have
gV = V = V g, for all g ∈ F . Let C be the simple subcoalgebra of H
containing V . By Corollary 3.5.2, kF is normal in k[C].
Besides, since HcoB
′
is normal in H , we have gCg−1 = C, for all
g ∈ G(H). Since k[C] and G(H) necessarily generate H as an algebra,
it follows that k[C] is normal in H . This discards this type as the
coalgebra structure of H .
Finally, suppose H is of type (1, 12; 2, 9). Then we must have
HcoB
′
= kF ⊕ ⊕g∈F gV , where V is an irreducible left coideal of H
of dimension 2. This is not possible, since dimHcoB
′
= 6. Thus H is
not type (1, 12; 2, 9) and the proof is complete. 
Claim 11.1.12 implies that H is not of type (1, 12; 6, 1) as a coalge-
bra: indeed, in this case, Hco k
G(H∗)
⊆ kG(H) and therefore kG(H∗) is
a normal Hopf subalgebra of H∗.
Since |G(H)| = |G(H∗)| = 12, then H = R#kZ3 is a biproduct.
In particular, G(H) contains a unique (normal) subgroup of order 4.
There is in addition a Hopf algebra surjection H → B, where dimB =
4. Thus if F ⊆ G(H) is a subgroup of order 3, then F ⊆ HcoB. This
shows that G(H) also contains a unique (normal) subgroup of order 3.
Thus G(H) is abelian. This implies that H is not of type (1, 12; 3, 4), in
view of Proposition 4.6.1, since in this case R will be a cocommutative
coalgebra, by Remark 3.2.7.
It remains to discard the case where H is of type (1, 12; 2, 9). Let
Γ ⊆ G(H) be the unique subgroup of order 4. Then there is an irre-
ducible character λ of degree 2, such that Γ ∪ {λ} spans a standard
subalgebra of R(H∗), corresponding to a Hopf subalgebra A of dimen-
sion 8.
By [NZ], we must have A ⊆ R. Also, since R is not a Hopf subalge-
bra, R can contain only one simple subcoalgebra of dimension 4, which
86 11. DIMENSION 48
implies that this subcoalgebra (and hence all of A) is stable under the
action of Z3 by conjugation.
Hence B = k[A,Z3] contains A as a normal Hopf subalgebra, and
thus B 6= H . Since dimB is divisible by 3 and 8 = dimA, we get
dimB = 24. This implies thatH is not simple. The lemma follows. 
11.2. Further reductions
In this section we further reduce the possibilities for the (co)algebra
structure of an eventual simple H .
Lemma 11.2.1. Suppose that H is of type (1, 4; 2, 11) as a coalgebra.
Then we have
(i) There exists an 8-dimensional non-cocommutative Hopf subal-
gebra A0 ⊆ H.
(ii) Assume in addition that H is simple and contains a Hopf
subalgebra A of dimension 12. Then neither A nor A0 is commuta-
tive. In this case, there exists a twist φ ∈ kG(H) ⊗ kG(H) such that
|G(Hφ)| = 12, 24 or 48. In particular, Hφ is not simple.
Proof. Part (i) follows from Proposition 2.1.3. We show part (ii).
Note that a Hopf subalgebra ofH of dimension 12 is necessarily of coal-
gebra type (1, 4; 2, 2). Let B = k[A0, A] be the subalgebra generated
by A0 and A, so that B is a Hopf subalgebra of H . Since 8 = dimA0
divides the dimension of B and also 3/ dimA/ dimB, then 24 divides
the dimension of B. H being simple by assumption, we may assume
that B = H . In other words, A0 and A generate H as an algebra.
Also G(A0) = G(A) = G(H) is not cyclic.
Suppose that A is commutative. We know that there exists a central
group-like element 1 6= g ∈ G(A0). Since A is commutative, and
G(A0) = G(A), then g commutes with A. Therefore g is central in
k[A0, A] = H , contradicting the simplicity of H . A similar argument
shows that A0 cannot be commutative. The last statement of the
lemma follows from Proposition 5.2.1. 
Lemma 11.2.2. Suppose H = R#A is a biproduct, where dimA =
16. Then H is not simple.
Proof. We have dimR = 3, thus R is commutative and cocom-
mutative. As a left coideal of H , we may assume that R = k1 ⊕ V ,
where V is an irreducible left coideal of dimension 2.
If A is cocommutative, then the lemma follows from Proposition
4.4.6. So we may assume A is not cocommutative. By Lemma 4.3.3,
ρ(R) ⊆ kG(A)⊗R.
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It is not difficult to see that there must exist a normal Hopf subalge-
bra B of A such that kG(A) ⊆ B and dimB = 8. Thus ρ(R) ⊆ B⊗R
and R#B is a normal Hopf subalgebra (of index 2) of H . 
Lemma 11.2.3. Suppose that H contains a Hopf subalgebra A with
dimA = 16. If there is a quotient Hopf algebra q : H → B, with
dimB = 16, then H is not simple.
Proof. We have dimHcoB = 3. Hence, by Lemma 1.3.4, A ∩
HcoB = k1, thus H = R#A is a biproduct. The lemma follows from
Lemma 11.2.2. 
Lemma 11.2.4. Suppose that H is of coalgebra type (1, 4; 2, 2; 3, 4)
or (1, 4; 2, 2; 6, 1). Assume in addition that there is a Hopf algebra
quotient q : H → B, with dimB = 16. Then H is not simple.
Proof. We consider first the case whereH is of type (1, 4; 2, 2; 6, 1).
Let ψ be the unique irreducible character of degree 6, and let χ1, χ2 be
the irreducible characters of degree 2. Then χ1, χ2 ∈ A, where A is the
unique Hopf subalgebra of dimension 12 of H ; see Remark 11.1.2 (vi).
We shall show that A is normal in H .
It is not hard to see that
(11.2.5) ψ2 =
∑
g∈G(H)
g + 2χ1 + 2χ2 + 4ψ.
Necessarily, we must have HcoB = k1⊕V , where V is an irreducible
left coideal of H of dimension 2. In particular, HcoB = AcoB and q(A)
is a four-dimensional Hopf subalgebra of B.
We first claim that B is of type (1, 4; 2, 3) as a coalgebra. To prove
this, we consider the possible decompositions of q(ψ) = ψ|B∗ into a sum
of irreducible characters in B. It follows from Frobenius reciprocity,
together with equation (11.2.5), that q(ψ) = λ1 + λ2 + λ3, where λi
are pairwise distinct irreducible characters of degree 2 in B. Hence B
must be of the prescribed coalgebra type.
Therefore, q(A) = kG(B); since this is the unique Hopf subalgebra
of dimension 4 in B.
On the other hand, it follows from the classification results in [K],
that kG(B) is normal in B. For the sake of completeness, we give
a proof of this fact in what follows. We may assume that B is not
commutative. By [K, 3.3], B fits into a cocentral abelian extension
1→ K → B → kF → 0,
where F = 〈t : t2 = 1〉 ≃ Z2 and K is a commutative Hopf algebra
of dimension 8. In particular, kG(B) is contained in K and therefore
G(B) = G(K) is central K.
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Let e =
∑
x∈G(B) g. As an algebra, H is a smash product H =
K#kF , with respect to an action ⇀: F × K → K by Hopf algebra
automorphisms. Hence, the action of t ∈ F permutes the elements of
G(B), and therefore t ⇀ e = e.
Note that H is generated as algebra by K and T := 1#t. It follows
from the above discussion that
Te = (t ⇀ e)#t = e#t = Te.
Hence e ∈ Z(H), which proves the desired fact.
Consider the sequence of surjective Hopf algebra maps
H
q
−−−→ B
q′
−−−→ B′,
where B′ = B/B(kG(B))+. Since q(A) = kG(B), we have A ⊆ Hco q
′q.
Thus, by dimension, A = Hco q
′q and it is a normal Hopf subalgebra,
as claimed.
Now consider the case where H is of type (1, 4; 2, 2; 3, 4). We shall
keep the notation in Remark 11.1.2 (v).
For all irreducible character ψi of degree 3, we have relations
(11.2.6) ψ∗i ψi = 1 + χ1 + ψ + ψ
′,
and χ1ψi = ψi + aψi, where ψ, ψ
′ are fixed irreducible of degree 3,
G[χ1] = {1, a}, and χ1 ∈ A1, where A1 is the unique six-dimensional
Hopf subalgebra of H .
Observe first that ψ′ = ψg, for some g ∈ G(H). We shall show
that g ∈ G[χ1]. So that the irreducible characters 1, a, χ1, ψ, aψ, span
a standard subalgebra of R(H∗) corresponding to a Hopf subalgebra of
dimension 24, whence H is not simple in this case.
We have HcoB = k1 ⊕ V , where V is an irreducible left coideal
of dimension 2, and necessarily V ⊆ A1, since dimA1 does not divide
dimB. Hence, q(χ1) = (χ1)|B∗ = 1 + α, where 1 6= α ∈ G(B). Since
aχ1 = χ1, and q(a) 6= 1, then q(a) = α.
On the other hand, m(1, q(ψi)) = m(ψi, Ind
H∗
B∗ 1) = 0, for all i =
1, . . . , 4. The relation (11.2.6) implies that m(1, q(ψ∗i ψi)) = 2.
This implies that q(ψ) = β + λ and q(ψ′) = β ′ + λ′, for some
β, β ′ ∈ G(B), and λ, λ′ ∈ X2(B). By Frobenius reciprocity, β, β
′ and
α are pairwise distinct elements of G(B).
Using again equation (11.2.6) for ψi = ψ, we find that λ
∗λ = 1 +
β+β ′+α; hence {1, β, β ′, α} = G[λ∗] is a subgroup of G(B). Therefore
βα = β ′.
Using Frobenius reciprocity, we have
ψa = (IndH
∗
B∗ β)a = Ind
H∗
B∗ (βa|B∗) = Ind
H∗
B∗ (βα) = Ind
H∗
B∗ (β
′) = ψ′.
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This establishes the claim and finishes the proof of the lemma. 
Lemma 11.2.7. Suppose that H contains a Hopf subalgebra A with
dimA = 16. Then we have:
(i) If H is simple, then H is of type (1, 4; 2, 11) as an algebra, and
there exists a normalized 2-cocycle φ ∈ kG(H∗) ⊗ kG(H∗) such that
(H∗)φ is not simple.
(ii) Assume in addition that A is cocommutative. Then H is not
simple.
By part (ii), if H is of type (1, 16; 2, 8) or (1, 16; 4, 2), then H is not
simple. Therefore, if H is simple and contains a Hopf subalgebra of
dimension 16, H is of type (1, 8; 2, 2; 4, 2), (1, 8; 2, 10), (1, 4; 2, 3; 4, 2) or
(1, 4; 2, 11) as a coalgebra.
Proof. (i) By previous lemmas, |G(H∗)| 6= 2, 3, 6, 12 and there is
no Hopf subalgebra B ⊆ H∗ with dimB = 16.
Consider the projection π : H∗ → A∗; we may assume (H∗)coA
∗
=
k1 ⊕ V , where V is a left coideal of H∗ of dimension 2. It follows
from Lemma 11.1.1 that G[χ] 6= 1, where χ = χV is the character
corresponding to V . Then |G[χ]| = 4 or 2.
By Theorem 2.5.1, H∗ contains a Hopf subalgebra B of dimension
3|G(H∗)|. We may assume that |G(H∗)| = 4 or 8, and therefore,
dimB = 12 or 24.
Since H is simple, dimB = 12, and therefore |G(H∗)| = 4. It
follows from Lemma 11.2.3 and the results of the previous section, that
H∗ is of type (1, 4; 2, 2; 3, 4), (1, 4; 2, 2; 6, 1) or (1, 4; 2, 11) as a coalgebra.
In view of Lemma 11.2.4, H∗ is of type (1, 4; 2, 11) as a coalgebra.
Since H∗ contains a Hopf subalgebra A of dimension 12, by Lemma
11.2.1, there exists a normalized 2-cocycle φ ∈ kG(H∗)⊗ kG(H∗) such
that |G(H∗φ)| = 12, 24 or 48. Then H
∗
φ is not simple. This proves (i).
(ii) We may assume that |G(H)| = 16 and H is simple. As in the
proof of part (i), it follows that H∗ contains a Hopf subalgebra B of
dimension 12. Consider the dual projection q : H → B∗; we have
dimHcoB
∗
= 4. Also, by a dimension argument using [NZ], the kernel
of the restriction of q to G(H) must be of order 4. Thus HcoB
∗
⊆
kG(H) and q is normal. Hence H is not simple in this case. 
We summarize the results of this section in the following corollary.
Corollary 11.2.8. If H is simple, the possible coalgebra types for
H and H∗ must be among the following:
(1, 4; 2, 2; 3, 4), (1, 4; 2, 2; 6, 1), (1, 4; 2, 11)
(1, 4; 2, 3; 4, 2), (1, 8; 2, 2; 4, 2), (1, 8; 2, 10).
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Moreover, either H or H∗ must be of one of the types listed in the first
row, and if the type of H is in the second row then the type of H∗ is
(1, 4; 2, 11). 
11.3. Main result up to cocycle twists
We shall prove in this section that semisimple Hopf algebras of
dimension 48 are not simple, up to a cocycle twist.
Lemma 11.3.1. Suppose H is simple. Then H admits no Hopf
algebra quotient H → B, where B is a cocommutative Hopf algebra of
dimension 12.
Proof. We shall consider separately the coalgebra types listed in
Corollary 11.2.8.
Claim 11.3.2. Suppose H → B is a Hopf algebra quotient where B
is cocommutative and dimB = 12. Then H∗ is of type (1, 4; 2, 2; 3, 4)
or (1, 4; 2, 2; 6, 1) as a coalgebra.
Proof. By assumption B∗ ⊆ H∗ is a commutative Hopf subal-
gebra of dimension 12. If H∗ is not of the prescribed types, then
there is a Hopf subalgebra A ⊆ H∗ of dimension 8. Since H is sim-
ple, we may assume k[A,B∗] = H . On the other hand, there exists
1 6= g ∈ Z(A) ∩ G(A). If g ∈ B∗, then g is central in k[A,B∗] = H
and H is not simple. If g /∈ B∗, then |G(H∗)| = 8 and G(B∗) ⊆
G(H∗) is a normal subgroup (of index 2). Then kG(B∗) is normal in
k[G(H∗), B∗] = H . 
Suppose first that H is of type (1, 4; 2, 2; 6, 1) as a coalgebra. The
lemma follows in this case from 1.1, since a cocommutative quotient
Hopf algebra B of dimension 12 of H is the same as a commutative
Hopf subalgebra B∗ of index 4 of H∗, and since H∗ has an irreducible
module of dimension 6 > [H∗ : B∗].
Suppose that, as a coalgebra, H is of one of the types
(1, 4; 2, 3; 4, 2), (1, 8; 2, 2; 4, 2), (1, 8; 2, 10).
Then H contains a Hopf subalgebra of dimension 16 and H∗ is of type
(1, 4; 2, 11) as a coalgebra. Then the lemma follows from Lemma 11.2.1.
Suppose next that H is of type (1, 4; 2, 2; 3, 4). Recall from Remark
11.1.2 (v), that G(H) and the irreducible characters χ1 and χ2 of degree
2 give rise to a Hopf subalgebra A of dimension 12, and for all irre-
ducible characters ψ1, . . . , ψ4 of degree 3 we have ψ
∗
i ψi = 1+χ1+ψ+ψ
′,
where ψ and ψ′ are fixed elements in X3. We also have χ
2
1 = 1+a+χ1,
where {1, a} = G[χ1] ⊆ G(H).
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Suppose that H has a Hopf algebra quotient q : H → B = kG(B),
where dimB = 12. We may assume that m(1, q(ψi)) = 0, for all i =
1, . . . , 4. Otherwise, we would have a decomposition HcoB = k1 ⊕W ,
where W is an irreducible left coideal of dimension 3, implying that
the restriction q : A → B is an isomorphism, and thus that A is
cocommutative, which is absurd.
We claim that also m(1, q(χ1)) = 0. If not, since q(χ1) = χ1|B∗ ,
then m(1, q(χ1)) = 1 by Frobenius reciprocity. Then q(χ1) = 1 + g,
where 1 6= g ∈ G(B). The relation χ21 = 1 + a + χ1, implies that
q(a) = g.
Let 1 6= t ∈ G(H)∩HcoB. Then q(t) = 1, and (IndH
∗
B∗ 1)t = Ind
H∗
B∗ 1;
so that t = a ∈ G[χ1]. This is a contradiction. Therefore m(1, q(χ1)) =
0, as claimed.
The relation ψ∗i ψi = 1+χ1+ψ+ψ
′ implies that m(1, q(ψ∗i ψi)) = 1.
Write q(ψi) =
∑
s∈G(B) nss. Then
∑
s ns = degψi = 3, and ns =
m(s, q(ψi)) = m(ψi, Ind
H∗
B∗ s) ≤ 1. Hence, the set of all s ∈ G(B) such
that ns 6= 0 has at least 3 elements. Now we have
q(ψ∗i ψi) = q(ψi)
∗q(ψi) =
∑
s,u∈G(B)
nsnus
−1u,
whence m(1, q(ψ∗i ψi)) ≥ 3. This is again a contradiction. Therefore
the lemma is established in this case.
It remains to consider the case where H is of type (1, 4; 2, 11). Sup-
pose that there is Hopf algebra quotient H → B, where B = kG(B) is
a cocommutative Hopf algebra of dimension 12. By Corollary 11.2.8,
B∗ is of type (1, 4; 2, 2) as a coalgebra. Hence, G(B) has a normal
subgroup of order 3, and there is a normal Hopf subalgebra B0 ⊆ B,
with dimB0 = 3.
We may write HcoB = k1⊕ kt⊕ V1, where V1 is an irreducible left
coideal of dimension 2, and 1 6= t ∈ G(H). By Corollary 3.5.2, t is
central in k[C1], where C1 is the simple subcoalgebra containing V1.
Consider the sequence of surjective Hopf algebra maps
H
q
−−−→ B
q′
−−−→ B′,
where B′ = B/BB+0 . We have dimH
coB′ = 12, and there exists
an irreducible left coideal U of H , not isomorphic to V1 such that
m(U,HcoB
′
) > 0.
Let χ ∈ H and C ⊆ H be, respectively, the irreducible character
and the simple subcoalgebra corresponding to U . Decompose q(χ) =
χ|B∗ in the form q(χ) = g+h, where g, h ∈ G(B). Then the restriction
of q induces an epimorphism q : k[C]→ k〈g, h〉 ⊆ kG(B).
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Similarly, the restriction of q′q induces an epimorphism q : k[C]→
k〈g′, h′〉 ⊆ kG(B′), where q′q(χ) = g′ + h′. In particular, g′ and h′ are
the natural projections of g and h in G(B′).
By Frobenius reciprocity, we may assume that g′ = 1. Hence
q′q(k[C]) = k〈h′〉 6= B′,
because, by Claim 11.3.5, G(B′) is not cyclic. In particular k[C] 6= H .
On the other hand, since g′ = 1, then g ∈ B0 is of order 3 (because
m(1, q(χ)) = 0). Hence 3 divides the dimension of k[C]. Since H is
simple, then dim k[C] = 12 or 6. Also, dim k[C]coB = 2, and it turns
out that 1 6= t is a central group-like in k[C].
Since this happens for every irreducible constituent U of HcoB
′
,
not isomorphic to V , it follows that t is central in the Hopf subalgebra
generated by all simple subcoalgebras intersecting HcoB
′
. This implies
that t is central in H . This finishes the proof of the lemma. 
Lemma 11.3.3. Suppose that H is simple. Then there exists an
invertible normalized 2-cocycle φ ∈ kG(H˜)⊗kG(H˜) such that G(H˜φ) ≃
G, where G is the group defined in 5.2. Here, H˜ is one of the Hopf
algebras H or H∗.
Recall from Chapter 5 that G is the semidirect product G = F ⋊Γ,
where F = 〈a : a3 = 1〉, and Γ = 〈s, t : s2 = t2 = sts−1t−1 = 1〉,
corresponding to the action by group automorphisms of Γ on F defined
on generators by s.a = a−1 and t.a = a−1.
Observe that, by Lemma 11.1.1, H˜φ is of one of the types
(1, 12; 2, 9), (1, 12; 3, 4), (1, 12; 6, 1).
In particular, H˜φ is not simple.
Proof. We shall show that there exist a Hopf subalgebra A ⊆ H˜
such that A ≃ A0. Thus there is an invertible normalized 2-cocycle
φ ∈ kG(H˜)⊗ kG(H˜) such that Aφ ≃ kG, in view of Proposition 5.2.1.
In particular, |G(H˜φ)| is divisible by 12, where H˜ is either H or H
∗.
Thus |G(H˜φ)| = 12, 24 or 48. The following claim implies that indeed
|G(H˜φ)| = 12. Hence, G(H˜φ) ≃ G.
Claim 11.3.4. Suppose |G(H˜φ)| = 24 or 48. Then H is not simple.
Proof. If |G(H˜φ)| = 24, then kG(H˜φ) is a normal Hopf sub-
algebra of H˜φ. On the other hand we must have G(H˜) ⊆ G(H˜φ).
Then φ−1 ∈ kG(H˜φ) ⊗ kG(H˜φ). Therefore, in view of Lemma 5.4.1,
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B = (kG(H˜φ))φ−1 is a normal Hopf subalgebra of H˜ (because it has
index 2).
Assume now that |G(H˜φ)| = 48; that is, H˜φ = kΓ, where Γ =
G(H˜φ) is a group of order 48. For such a group Γ, either Z(Γ) 6= 1
or Γ contains a normal subgroup of order 16, that necessarily contains
G(H˜). In any case, H˜ (and thus H) is not simple, as claimed. 
Since H is simple by assumption, we know that H is of one of the
coalgebra types listed in Corollary 11.2.8. Eventually taking H˜ = H∗,
we may further assume that H has one of the following coalgebra types:
(1, 4; 2, 2; 3, 4), (1, 4; 2, 2; 6, 1), (1, 4; 2, 11).
Claim 11.3.5. The group G(H) is not cyclic.
Proof. If H is of type (1, 4; 2, 11), the claim follows from Lemma
11.2.1 (i). If H is of type (1, 4; 2, 2; 6, 1), then H contains a simple sub-
coalgebra C of dimension 36 such that gC = C = Cg, for all g ∈ G(H),
and the quotient coalgebra C/C(kG(H))+ is of dimension 9. If G(H) is
cyclic, then any twisted group algebra kαG(H) is cocommutative, but
this contradicts Corollary 3.2.5, because C/C(kG(H))+ cannot have 4
isomorphism classes of simple comodules. Hence the claim follows also
in this case.
It remains to consider the type (1, 4; 2, 2; 3, 4). Suppose on the con-
trary that G(H) is cyclic. By Corollary 11.2.8, there is a quotient Hopf
algebra q : H → Q of dimension 4, so that dimHco q = 12. Keep the
notation in Remark 11.1.2 (v). Considering the eventual decomposition
of Aco q, Aco q1 , we distinguish the following two possibilities for H
co q:
(a) Hco q = k1 ⊕ V ⊕ W1 ⊕ W2 ⊕ W3, where V is an irreducible
left coideal of dimension 2, and Wi’s are irreducible left coideals of
dimension 3, i = 1, 2, 3.
(b) Hco q = k1 ⊕ kt ⊕ V ⊕ V ′ ⊕W1 ⊕W2, where t ∈ G(H), V, V
′
are irreducible coideals of dimension 2, and Wi’s are irreducible left
coideals of dimension 3, i = 1, 2.
Note that in this case t is an element of order 2 in G(H), and since
this group is cyclic by assumption, necessarily t = a ∈ G[χ1].
Case (a). In this case the restriction of q to kG(H) induces an
isomorphism kG(H) ≃ Q. Hence G(H∗) contains a cyclic subgroup
of order 4, and by Corollary 11.2.8, we may assume that H∗ is also
of type (1, 4; 2, 2; 3, 4) as a coalgebra. Hence there is a quotient Hopf
algebra H → B, where dimB = 12 and HcoB ⊆ Hco q is a left coideal
of dimension 4. Thus we must have a decomposition HcoB = k1⊕W ,
where W is an irreducible left coideal of dimension 3. Let ψW ∈ H
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be the character of W . Then gψWg
−1 = ψW , for all g ∈ G(H), and
(ψW )
∗ = ψW by Lemma 1.7.1. As in Remark 11.1.2 (v) we have a
decomposition
(11.3.6) (ψW )
∗ψW = 1 + χ1 + ψ + ψ
′.
By Frobenius reciprocity, m(1, (ψW )|B) = 1, hence (ψW )|B = 1 + λ,
where λ ∈ B is a (not necessarily irreducible) character such that
m(1, λ) = 0; then m(1, (ψW )
∗(ψW )|B) ≥ 2. On the other hand,
m(1, (ψ∗WψW )|B) = 1 +m(1, (χ1)|B) +m(1, ψ|B) +m(1, ψ
′|B)
= 1 +m(1, ψ|B) +m(1, ψ
′|B),
and we may assume that m(1, ψ) > 0, whence ψW = ψ.
This implies that ψ∗ = ψ. Then also (ψ′)∗ = ψ′, in view of the
relation (11.3.6). Write ψ′ = gψ, 1 6= g ∈ G(H). Therefore g2 = 1,
and since G(H) is cyclic g = a ∈ G[χ1]. But this implies that the
irreducible characters G[χ1], χ1, ψ, ψ
′ span a standard subalgebra which
corresponds to a Hopf subalgebra of H of dimension 24; hence H is not
simple in this case.
Case (b). Let ψi be the character of Wi, i = 1, 2. Then aψ1 =
ψ2 6= ψ1, because aW1 is not isomorphic to W1 and it is contained in
Hco q. Moreover, ψ1 ∈ {ψ, ψ
′}, since otherwise, we would have ψ′ = aψ,
implying as before that H contains a Hopf subalgebra of dimension 24.
Then we may assume that ψ1 = ψ. Write ψ
′ = gψ, 1 6= g ∈ G(H).
If ψ∗ = ψ, then also (ψ′)∗ = ψ′ and therefore g2 = 1, whence g = a
since G(H) is cyclic. If ψ∗ = ψ′, then ψ′ = ψ2, by Lemma 1.7.1. Thus,
in any case, ψ′ = aψ, implying as before, that H contains a Hopf
subalgebra of dimension 24. This proves that if H is simple, then the
group G(H) is not cyclic, as claimed. 
Suppose that H has a Hopf subalgebra A of dimension 12. By
Lemma 11.3.1, H∗ has no cocommutative quotient of dimension 12.
Therefore, A is not commutative. Since G(H) is not cyclic, then
A ≃ A0 by [F]. By Proposition 5.2.1 (i), there exists a 2-cocycle
φ ∈ kG(A)⊗2 = kG(H)⊗2 such that A0 ≃ (kG)φ. This establishes the
lemma in this case.
We may therefore assume that H is of type (1, 4; 2, 11) and con-
tains no Hopf subalgebra of dimension 12, by Lemma 11.2.1. In par-
ticular, H∗ contains no Hopf subalgebra of dimension 16, by Theorem
2.5.1. We may also assume that H∗ is not of type (1, 4; 2, 2; 3, 4) nor
(1, 4; 2, 2; 6, 1), since otherwise we are done by letting H˜ = H∗.
By Lemma 11.2.7 (i), we may suppose that H∗ is also of type
(1, 4; 2, 11). Then there is a quotient q : H → B, where dimB = 8 and
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B is not commutative. We may assume that HcoB = k1⊕kt⊕V1⊕V2,
where t ∈ G(H) and Vi is an irreducible coideal of dimension 2, such
that Vi is not isomorphic to V2. Let τi ∈ X2 and Ci ⊆ H be the irre-
ducible character and simple subcoalgebra corresponding, respectively,
to Vi, i = 1, 2.
Then m(τi, Ind
H∗
B∗ 1) = 1, and therefore q(τi) = τi|B∗ = 1+gi, where
1 6= gi ∈ G(B). Moreover, the subgroups 〈g1〉, 〈g2〉 are of order at most
4. By construction, q induces by restriction a surjective Hopf algebra
map q : k[Ci]→ k〈gi〉; in particular, k[Ci] 6= H .
If k[Ci]
coB = k1⊕ Vi, respectively k1⊕ kt⊕ V1 ⊕ V2, then we have
dim k[Ci, G(H)] = 12, respectively dim k[Ci] = 12. Hence we are done
in these cases. If otherwise, k[Ci]
coB = k1 ⊕ kt ⊕ Vi, for all i = 1, 2,
Then tVi = Vi = Vit and by Corollary 3.5.2, t is central in k[Ci]. Thus t
is central in k[C1, C2]; and we may assume that k[C1, C2] 6= H . Since 6
divides dim k[C1, C2], then we may even assume that dim k[C1, C2] = 12
and we are done in view of Lemma 11.2.1. 
11.4. Main result
In this section we shall prove our main result in dimension 48. For
this we shall first study the normal Hopf subalgebras in a semisimple
Hopf algebra K with |G(K)| = 12. In what follows, we shall denote by
G the group considered in Lemma 11.3.3.
Theorem 11.4.1. Let H be a semisimple Hopf algebra of dimension
48. Then H is not simple.
Proof. By Lemma 11.3.3, we may assume that for H˜ = H or H∗,
there exists an invertible normalized 2-cocycle φ ∈ kG(H˜) ⊗ kG(H˜)
such that H˜φ is of one of the types
(1, 12; 2, 9), (1, 12; 3, 4), (1, 12; 6, 1),
and G(H˜φ) ≃ G, where G is as in 5.2.
By Lemma 11.1.11, H˜φ is not simple. Note that kG(H˜) = (kG(H˜))φ
is a cocommutative Hopf subalgebra of dimension 4 of H˜φ. Note also
that, because H˜ = H˜φ as algebras, we may assume that |G(H˜
∗
φ)| is di-
visible by 4. On the other hand, φ−1 ∈ kG(H˜)⊗kG(H˜) is a normalized
2-cocycle for H˜φ.
Let K be a semisimple Hopf algebra of dimension 48 such that
G(K) ≃ G. In view of Lemmas 11.4.4, 11.4.5 and 11.4.7 below, at
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least one of the following conditions hold:
K has a nontrivial central group-like element;(11.4.2)
G(K) is contained in a normal Hopf subalgebra of K.(11.4.3)
Thus, if J ∈ kG(K)⊗kG(K) is an invertible 2-cocycle, the twisted
Hopf algebra KJ is not simple, by Lemma 5.4.1 and Corollary 5.4.2.
This implies the theorem, applied to K = H˜φ and J = φ
−1. 
In the rest of this section K will be a semisimple Hopf algebra of
dimension 48 such that G(K) ≃ G; that is, G(K) ≃ G = F ⋊ Γ, and
thus G contains a unique abelian subgroup M of order 6, M = F ×Z,
where Z = Z(G) is of order 2.
Also, A ⊆ H will be a proper normal Hopf subalgebra. Our aim is
to show that at least one of the conditions (11.4.2) or (11.4.3) hold.
Hence, we may assume in what follows that dimA 6= 2. Indeed, by
Corollary 1.4.3, if dimA = 2, then A ⊆ kG(K) ∩ Z(K). Thus, in this
case, K verifies condition (11.4.2).
On the other hand, note that we cannot have A∩kG(K) of dimen-
sion 4: this would imply that A ∩ kG(K) = kL, where L is a normal
subgroup of order 4 in G (because A ∩ kG(K) is invariant under the
adjoint action of G), which contradicts the structure of G.
Hence dimA = 4, 8, 16 are impossible.
Therefore, the possibilities for dimA are 3, 6, 12 and 24. Moreover,
if dimA = 12 or 24, we may assume that K is of type (1, 12; 3, 4).
Otherwise, (that is, if K is of type (1, 12; 2, 9) or (1, 12; 6, 1)), since
dimA ∩ kG(K) 6= 4, necessarily G(K) ⊆ A. See Lemma 6.1.1.
Lemma 11.4.4. Assume K is of type (1, 12; 2, 9) as a coalgebra.
Then at least one of the conditions (11.4.2) or (11.4.3) hold.
Proof. By Proposition 2.1.3, K contains a Hopf subalgebra K0 of
dimension 8. We may assume that k[K0, F ] = K; if not, dim k[K0, F ] =
24 and k[K0, F ] is normal in K, whence we are done because G(K) =
G ⊆ k[K0, F ].
For all g ∈ F , gK0g
−1 is an 8-dimensional Hopf subalgebra of K. If
gK0g
−1 = K0 for some 1 6= g ∈ F , then G(K0) would be a normal sub-
group of order 4 of G, which is a contradiction. Thus the conjugation
action of F gives rise to 8-dimensional Hopf subalgebras K0, K1, K2
and G(Ki), 0 ≤ i ≤ 2, are distinct subgroups of order 4 of G.
We may further assume that F ⊆ k[K0, K1, K2] and therefore that
k[K0, K1, K2] = K. Otherwise G(k[K0, K1, K2]) would be of order 4
and since k[K0, K1, K2] is normal in K = k[K0, K1, K2, F ], then this
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group would be normal in G(K), which is not possible. Note that for
each i = 0, 1, 2, G(K) = 〈G(Ki), F 〉.
We may assume K contains a normal Hopf subalgebra A with
dimA = 3 or 6. If dimA = 3, then A = kF , and in this case, since
kG(Ki) is normal in Ki, then adKi kG(K) = kG(K). Thus kG(K) is
normal in K = k[K0, K1, K2]. If on the other hand, dimA = 6, then
because dimK/KA+ = 8, we have kF ⊆ A. Hence A is cocommuta-
tive and arguing as before we get that kG(K) is normal in K. This
finishes the proof of the lemma. 
Lemma 11.4.5. Assume K is of type (1, 12; 3, 4) as a coalgebra.
Then at least one of the conditions (11.4.2) or (11.4.3) hold.
Proof. In this case may assume that dimA = 3, 6, 12 or 24. We
may further assume that K contains a normal Hopf subalgebra of di-
mension 3; that is, dimA = 3. To see this, we argue as follows. Suppose
that dimA = 12. Then A is of type (1, 3; 3, 1) as a coalgebra, and A is
commutative. Also, G(A) is the unique (normal) subgroup of order 3
of G(K) = G. Thus kG(A) is a 3-dimensional normal Hopf subalgebra
in k[A,G] = K.
If dimA = 6, then A = kN , where N is a normal subgroup of order
6 of G(K). Consider the Hopf algebra quotient K → K/KA+, since
dimK/KA+ = 8, there is a Hopf algebra quotient K → K/KA+ → B,
where dimB = 4. We have A ⊆ KcoB, and unless kG(K) is normal in
K, KcoB = A⊕ U ⊕ V , where U and V are irreducible left coideals of
K of dimension 3; since NKcoB = KcoB, we get that U and V are not
isomorphic.
In addition, xV ≃ V ≃ V x and xU ≃ U ≃ Ux, for all x ∈ F ,
because G[χU ] and G[χV ] are necessarily of order 3. Let CU and CV
be the simple subcoalgebras of K containing U and V , respectively. In
view of Corollary 3.5.2, kF is normal in k[CV , CU ]. Therefore, since it
is also normal in kG(K), then kF is normal in k[CV , CU , G(K)] = K.
Finally, if dimA = 24, we may assume that A is of type (1, 6; 3, 2) as
a coalgebra; see Lemma 6.1.1. In particular, G(A) is a normal subgroup
of G of order 6.
Let A0 ⊆ A be a normal Hopf subalgebra. If dimA0 = 12, then
kF ⊆ Z(A0), and it follows that kF is normal in K = k[A0, G(K)]. If,
on the other hand, A0 is cocommutative, then dimA0 = 2, 3 or 6.
In the first case, A0 = kZ is the only subgroup of order 2 contained
in G(A). Hence kZ is central in A and thus also in k[A,G(K)] = K.
If dimA0 = 3, then A0 = kF and kF is normal in k[A,G(K)] = K. If
dimA0 = 6, then A0 = kN is normal in k[A,G(K)] = K and K has a
normal Hopf subalgebra of dimension 3, be the above.
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We may therefore assume that dimA = 3, as claimed. Then
A = kF , since F is the only subgroup of order 3 in G(K). In par-
ticular, F = G[χ] for all irreducible character χ of degree 3. Hence, the
quotient Hopf algebra K/KA+ is cocommutative; see Remark 3.2.7.
Say K/KA+ ≃ kN , where N is a group of order 16. Since kF ≃ kF ,
then K fits into the abelian extension
(11.4.6) 1→ kF → K → kN → 1.
We shall prove in what follows that in this case, G(K) ∩ Z(K) 6= 1.
Hence K satisfies condition (11.4.2).
Consider the matched pair (F,N) associated to the extension, with
the actions ⊳ : F ×N → F and ⊲ : F ×N → N . By [N, Lemma 1.1.7],
the exact sequence dual to (11.4.6) gives rise to an exact sequence of
groups
1→ F̂ → G(K)→ NF ,
where NF is the subgroup of invariants in N under the action ⊲. Since
|G(K)| = 12, NF contains a subgroup N1 of order 4 of N .
On the other hand, the action ⊳ permutes the set F\{1}; hence,
there is a subgroup N0 ⊆ N such that N0 acts trivially on F and
|N0| = 8. We have N0 ∩N1 6= 1. Let 1 6= x ∈ N0 ∩N1.
As a Hopf algebra, K ≃ kF τ#σkN is a bicrossed product, corre-
sponding to the actions kN⊗kF → kF obtained from ⊳, and kF⊗kN →
kN obtained from ⊲, and certain 2-cocycles σ : N × N → (kF )× and
τ : F × F → (kN)×. Moreover, by [N, Lemma 1.2.5], we may assume
that τ = 1.
The compatibility conditions between ⊳ and ⊲ imply that F acts
on N0 by group automorphisms through ⊲. Hence A0 = k
F ⊗ kN0 is a
Hopf subalgebra of K of dimension 24.
Since x ∈ N1, then F acts trivially on x and x ∈ G(K). Also, since
x ∈ N0, then x acts trivially in F , and thus x commutes with k
F [M].
Since F acts on N0 by group automorphisms, this action preserves
the center of N0. If N0 is not abelian, then |Z(N0)| is of order 2,
and F acts trivially on Z(N0). Hence we may assume that x ∈ Z(N0).
Therefore, 1 6= x ∈ G(A0)∩Z(A0) is an element of order 2. Clearly, the
same conclusion holds if N0 is abelian, since in this case any x ∈ N1∩N0
commutes with N0.
On the other hand, we may assume that A0 is of type (1, 6; 3, 2) as
a coalgebra, whence G(A0)∩Z(A0) ⊇ Z(G(K)), because A0 is normal
in K. Therefore Z(G(K)) is central in k[A0, G(K)] = K. This proves
the claim. The proof of the lemma is now complete. 
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Lemma 11.4.7. Assume K is of type (1, 12; 6, 1) as a coalgebra.
Then at least one of the conditions (11.4.2) or (11.4.3) hold.
Proof. In this case may assume that dimA = 3 or 6. We claim
that if K has a Hopf algebra quotient K → B with dimB = 16, then
kG(K) is normal in K. Hence the lemma follows when dimA = 3.
Observe that the quotient q : K → B is necessarily normal, since
kF = KcoB by [NZ]. In order to establish the claim, we shall follow
the lines of the proof of Lemma 11.2.4. We have q(kG(K)) is a four-
dimensional Hopf subalgebra of B. Let ψ be the unique irreducible
character of degree 6. Then we have ψ2 =
∑
g∈G(K) g+4ψ. This implies,
as in the proof of Lemma 11.2.4, that q(ψ) = λ1 + λ2 + λ3, where λi
are pairwise distinct irreducible characters of degree 2 in B. Hence B
must be of type (1, 4; 2, 3) as a coalgebra. Hence, q(kG(K)) = kG(B).
We know that kG(B) is normal in B. Consider the sequence of sur-
jective Hopf algebra maps K
q
→ B
q′
→ B′, where B′ = B/B(kG(B))+.
Since q(kG(K)) = kG(B), then we have kG(K) ⊆ Kco q
′q. Thus,
kG(K) = Kco q
′q is a normal Hopf subalgebra, as claimed.
Suppose next that dimA = 6, so that A = kS, where S is a sub-
group of order 6 in G. The quotient Hopf algebra K/KA+ is co-
commutative by Remark 3.2.7. Say K/KA+ = kΓ, where |Γ| = 8.
Then K∗ = kΓ#σk
S is a crossed product. Since there exists an ir-
reducible K∗-module of dimension 6, then S = M is abelian, by
[MW, Proof of Theorem 2.1]. Thus K fits into the abelian exten-
sion 1 → kM → K → kN → 1, where N is a group of order 8
such that K/KA+ ≃ kN . Dualizing, we get an abelian extension
1→ kN → K∗ → kM → 1. Let ⊳ : N ×M → N , ⊲ : N ×M → M , be
the associated matched pair.
Since the action ⊲ fixes 1 ∈ M , and because N is of order 8, the
set of fixed points MN has at least 2 elements. Moreover, by the
compatibility condition [M, (4.10)],MN is a subgroup ofM . It follows
also from the formulas [M, (4.2) and (4.5)] for the multiplication and
comultiplication of K that the subspace B := kN ⊗ k(MN ) is a Hopf
subalgebra of K∗. If B = K∗, then then the action ⊲ is trivial. This
implies that kM is a central Hopf subalgebra of K, which contradicts
the assumption on the structure of G(K).
Therefore dimB = 8|MN | = 16 or 24. If dimB = 16, the lemma
follows from the proof in the case dimA = 3. If dimB = 24, then
G(K) ∩ Z(K) 6= 1 and the lemma follows as well. 
CHAPTER 12
Dimension 54
12.1. First reduction
Let H be a nontrivial semisimple Hopf algebra of dimension 54.
Lemma 12.1.1. The order of G(H∗) is either 2, 6, 9, 18 or 27 and
as an algebra H is of one of the following types:
• (1, 2; 2, 4; 6, 1),
• (1, 2; 2, 4; 3, 4),
• (1, 2; 2, 13),
• (1, 6; 2, 3; 6, 1),
• (1, 6; 2, 12),
• (1, 6; 2, 3; 3, 4),
• (1, 9; 3, 1; 6, 1),
• (1, 9; 3, 5),
• (1, 18; 2, 9),
• (1, 18; 3, 4),
• (1, 18; 6, 1),
• (1, 27; 3, 3).
Proof. It follows from 1.1 and Corollary 2.2.3 that |G(H∗)| 6= 1.
If |G(H∗)| = 2, then the possible algebra types for H other than the
prescribed ones are
(1, 2; 2, 1; 4, 3), (1, 2; 3, 4; 4, 1), (1, 2; 4, 1; 6, 1),
(1, 2; 2, 9; 4, 1), (1, 2; 2, 5; 4, 2).
In the last two cases, by Theorems 2.2.1 and 2.4.2 H has a quo-
tient Hopf algebra of algebra types (1, 2; 2, 9) or (1, 2; 2, 5), respectively,
which contradicts [NZ]. In the third case, H has one irreducible char-
acter χ of degree 4, one irreducible character ψ of degree 6 and the
remaining two are of degree 1. The character χ is necessarily stable
under left multiplication by G(H∗) and therefore we have a decompo-
sition χ2 = χχ∗ = ǫ + g + nχ +mψ, implying that n = 2 and m = 1.
Then we have 1 = m = m(χ, ψχ) and ψχ = χ+ lψ, l ∈ Z, which is not
possible. The type (1, 2; 2, 1; 4, 3) is discarded by Lemma 1.2.4.
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Suppose that H is of type (1, 2; 3, 4; 4, 1). Write G(H) = {ǫ, g} and
let τ be the unique irreducible character of degree 4. We must have
ττ ∗ = 1+ g+2τ +ψ1+ψ2, where ψ1 6= ψ2 are irreducible characters of
degree 3. Then m(τ, ψ1τ) = 1 and therefore, ψ1τ = τ +
∑
j ψj , where
ψj are irreducible of degree 3. Taking degrees we get a contradiction.
This discards this possibility.
The possibility |G(H∗)| = 3 is discarded using Theorem 2.2.1 and
1.1. As to |G(H∗)| = 6, we need to discard the type (1, 6; 4, 3), which
is done as follows: let χ be a irreducible character of degree 4, and
write χχ∗ =
∑
g∈G[χ] g+
∑
imiχi, where χi are irreducible of degree 4;
it turns out that 4 divides the order of G[χ] which is impossible.
Suppose that |G(H∗)| = 9. Then H has no irreducible characters of
degree 2 by Theorem 2.2.1 and the only possibilities are the prescribed
ones. The rest of the lemma follows also from 1.1. 
Lemma 12.1.2. Suppose that H is of type (1, 9; 3, 5) as a coalgebra.
Then H is not simple.
Proof. We claim that there exist irreducible characters ψ 6= ψ′ of
degree 3, which commute with G(H), and such that
ψψ∗ = ψ′(ψ′)∗ =
∑
g∈G(H)
g.
Indeed, the group G(H), being abelian, acts by left multiplication on
the set X ′3 := {ψ ∈ X3 : gψ = ψg, ∀g ∈ G(H)}, and we have |X
′
3| = 2
or 5. It follows that there are at least 2 stable elements in X ′3, which
therefore satisfy the claimed equations.
The claim implies that there are two subcoalgebras C1 and C2 of
dimension 9, such that gCi = Ci = Cig, for all g ∈ G(H). Moreover,
we may assume that k[C1, C2] = H since it is a Hopf subalgebra of
dimension bigger than 18, which divides dimH : if dim k[C1, C2] = 27,
then H is not simple by Corollary 1.4.3.
Fix i = 1, 2. By Proposition 3.2.6, kG(H) is normal in H =
k[C1, C2]. Therefore H is not simple in this case. 
Lemma 12.1.3. Suppose that H is of type (1, 9; 3, 1; 6, 1) as a coal-
gebra. Then H is not simple.
Proof. Let D(H) be the Drinfeld double of H . By [N, Remark
2.2.4] |GD(H)∗| 6= 1. By [R], the group-like elements in D(H)∗ are of
the form g ⊗ η, where g ∈ G(H), η ∈ G(H∗), are such that η ⊗ g is
central in D(H). Observe that if the orders of g and η are different, say
n = |η| < |g|, then the element 1⊗ ǫ 6= gn⊗ ǫ = (g⊗ η)n would be such
that ǫ⊗ gn is central in D(H), and a fortiori, 1 6= gn ∈ G(H) ∩ Z(H).
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Then we may assume that there is an element g ⊗ η ∈ GD(H)∗,
where g ∈ G(H) and η ∈ G(H∗) are of the same order. In particular,
|G(H∗)| is divisible by 3.
On the other hand, the irreducible characters of degree 1 and 3 span
a standard subalgebra, which corresponds to a Hopf subalgebra A of
dimension 18. Consider the projection H∗ → A∗; we may assume that
(H∗)coA
∗
= k1⊕V , where V is an irreducible left coideal of dimension 2.
Then, by Theorem 2.5.1, |G(H∗)| is even and there is a quotient Hopf
algebra H → B, with dimB = 3|G(H∗)|. Hence either dimB = 18
and necessarily HcoB ⊆ kG(H), or else H∗ is of type (1, 18; 2, 9) as a
coalgebra and Hco k
G(H∗)
⊆ kG(H). This implies that H∗ contains a
normal Hopf subalgebra, and hence H is not simple. 
Remark 12.1.4. (i) If H is of type (1, 27; 3, 3), then H is not simple
by Corollary 1.4.3.
(ii) Suppose thatH is simple. It follows from Lemmas 12.1.1, 12.1.2
and 12.1.3 that there exist subgroups F ⊆ G(H) and F ′ ⊆ G(H∗) such
that |F | = |F ′| = 2. We have a projection q : H → kF
′
such that
dimHco q = 27. Hence, F ∩Hco q = 1 and H = R#kF is a biproduct.
By Proposition 4.6.1, R is not commutative and not cocommutative.
(iii) Suppose that H is of type (1, 6; 2, 12) or (1, 18; 2, 9). Then H
is not simple.
Proof. Keep the notation in part (ii). We claim that G(H) con-
tains a central (hence unique) subgroup of order 2, which must sta-
bilize all simple subcoalgebras of dimension 4. This implies, in view
of Remark 3.2.7, that the braided Hopf algebra R is a cocommutative
coalgebra and we are done.
To prove the claim we distinguish both cases. Suppose first that H
is of type (1, 6; 2, 12). Then G(H) is abelian by Proposition 1.2.6, and
the claim follows in this case.
In the case of type (1, 18; 2, 9) we argue as follows. First note that
by Lemma 2.3.2, D(H) has an irreducible module of dimension 2. It
follows from Theorem 2.2.1 that G(D(H)∗) has an element g ⊗ η of
order 2 or 3. If g ⊗ η is of order 2, we may assume that the center of
G(H) has an element of order 2, as claimed.
Finally suppose that g⊗η is of order 3. By [N, Corollary 2.3.2] there
is an exact sequence of Hopf algebras 1→ kG→ D(H)→ K → 1, and
also G(K∗) 6= 1 by [N, Remark 2.2.4]; moreover, we may assume that
g ⊗ η ∈ G(K∗) ⊆ G(D(H)∗). Therefore, by part (ii) in [N, Corollary
2.3.2], we get 〈η, g〉 = 1.
Consider the natural projection q : H → k〈η〉; we have shown that
〈g〉 ⊆ Hco q. Also, it is clear that Hco q contains every 2-subgoup of
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G(H). Since Hco q is of dimension 18, and we may assume does not
coincide with kG(H), then G(H)∩Hco q is a normal subgroup of order
2 or 6 in G(H). In particular, since we may assume that 1 6= g ∈
Z(G(H)), then the group G(H) ∩ Hco q is abelian. But G(H) ∩ Hco q
contains a unique subgroup of order 2, then so does G(H). This finishes
the proof of the claim. 
(iv) By Theorem 2.2.1, since dimH is not divisible by 4, for every
irreducible character χ of degree 2 we have G[χ] 6= 1.
(v) If H is of type (1, 2; 2, 4; 6, 1), (1, 2; 2, 4; 3, 4), (1, 6; 2, 3; 6, 1) or
(1, 6; 2, 3; 3, 4) as a coalgebra, then G(H) and X2 span a standard sub-
algebra of R(H∗), which corresponds to a non-cocommutative Hopf
subalgebra A of dimension 18. We may thus conclude that if H is
simple, then H contains a Hopf subalgebra of dimension 18.
Lemma 12.1.5. Assume that H is of type (1, 2; 2, 13) as a coalgebra.
Then H is commutative.
Proof. By Theorem 4.6.5, we may assume that the order of G(H∗)
is odd; thus, by Lemma 12.1.1, |G(H∗)| = 9 or 27. Also, by Corol-
lary 4.6.8, we may assume that G(H) ∩ Z(H) = 1 and, in particular,
|G(H∗)| 6= 27.
By [N, Remark 2.2.4], we have G(D(H)∗) 6= 1. Since |G(H∗)| and
|G(H)| are relatively prime, the description of G(D(H)∗) in [R] implies
that there is an isomorphism
G(D(H)∗) ≃ (Z(H) ∩G(H))× (Z(H∗) ∩G(H∗)) = Z(H∗) ∩G(H∗).
Therefore, n = |G(D(H)∗)| = 3 or 9, and H∗ contains a central group-
like element of order 3. Hence H fits into an abelian cocentral extension
1→ kG → H → kZ3 → 0,
where G is a group of order 18. Then the extension induces the trivial
action ⊲ : G × Z3 → Z3, and an action by group automorphisms ⊳ :
G×Z3 → G. This implies that the transpose action⇀: kZ3⊗k
G → kG
is by Hopf algebra automorphisms, and therefore that kG(H) = kĜ is
invariant under this action. Hence this action is trivial on kG(H). By
[N, Proposition 1.2.6] H is isomorphic as an algebra to the crossed
product H ≃ kG#⇀kZ3. So it turns out that kG(H) is central in H .
This implies that H is commutative. 
Lemma 12.1.6. Assume that |G(H)| = 18. Then H is not simple.
This discards the following possibilities for the coalgebra type of H :
(1, 18; 2, 9), (1, 18; 3, 4), (1, 18; 6, 1)
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Proof. In view of Remark 12.1.4 (iii) and Lemma 12.1.1, we may
assume that H contains no irreducible left coideal of dimension 2. On
the other hand, we know from Remark 12.1.4 (v) that there is a quotient
Hopf algebra H → B, where dimB = 18. Then necessarily HcoB ⊆
kG(H) is a Hopf subalgebra, and thus H is not simple. 
Lemma 12.1.7. Suppose that H is simple. Then H contains a Hopf
subalgebra A ⊆ H, such that A ≃ kΓ, where Γ is a non-abelian group of
order 18. In particular, the dimension of an irreducible left H-module
is at most 3.
Proof. By Remark 12.1.4 (v) and Lemma 12.1.6 we may assume
that H contains a non-cocommutative Hopf subalgebra A of dimension
18. By [M3] there are two isomorphism classes of nontrivial semisimple
Hopf algebras of dimension 18, which are dual to each another: B0 and
B1 = B0
∗. We have |G(B0)| = 6 and |G(B1)| = 9.
If A is not commutative, and since G(A) ⊆ G(H), we may assume
that |G(A)| = 6. By Remark 12.1.4 (ii), H = R#kZ2, and since
kZ2 ⊆ A and A is not contained in R = H
coZ2 , then also A ≃ R′#kZ2.
In particular, the order of G(A∗) is also divisible by 2, which implies
that A is commutative as claimed. Finally, applying [AN2, Corollary
3.9] to the inclusion kΓ ⊆ H , we find that dimV ≤ 3, for all irreducible
H-module V . 
12.2. Main result
After what we have already shown until now, we can conclude that if
H is simple, then the possible (co)algebra types forH are (1, 2; 2, 4; 3, 4)
and (1, 6; 2, 3; 3, 4).
Theorem 12.2.1. Let H be a semisimple Hopf algebra of dimension
54 over k. Then H is not simple.
Proof. Let A ⊆ H be the commutative Hopf subalgebra of di-
mension 18. Note that G(H) ⊆ A.
By Lemma 2.3.2 and Proposition 2.3.1, we have G(D(H)∗) 6= 1.
Hence, we may assume that there exists a nontrivial one-dimensional
Yetter-Drinfeld module for H . By Lemma 1.6.1, this has necessarily
the form Vg,η, for some 1 6= g ∈ G(H) and 1 6= η ∈ G(H
∗).
Consider the projection q : H → k〈η〉, obtained by transposing
the inclusion k〈η〉 ⊆ H∗. Since A is commutative, g−1ag = a, for
all a ∈ Aco q. By Theorem 1.6.4, we must have that Aco q is a Hopf
subalgebra of A. But this is not possible since dimAco q = 9, implying
that Aco q is a cocommutative Hopf subalgebra, while G(H) is of order
2 or 6. This contradiction finishes the proof of the theorem. 
CHAPTER 13
Dimension 56
13.1. First reduction
Let H be a nontrivial semisimple Hopf algebra of dimension 56.
Lemma 13.1.1. The order of G(H∗) is either 4, 7, 8 or 28, and as
an algebra H is of one of the following types:
• (1, 4; 2, 13),
• (1, 4; 2, 9; 4, 1),
• (1, 4; 2, 5; 4, 2),
• (1, 4; 2, 1; 4, 3),
• (1, 7; 7, 1),
• (1, 8; 4, 3),
• (1, 8; 2, 4; 4, 2),
• (1, 8; 2, 8; 4, 1),
• (1, 8; 2, 12),
• (1, 28; 2, 7).
Proof. We have G(H∗) 6= 1 by Corollary 2.2.3; indeed, counting
arguments show that the assumption G(H∗) = 1 implies that H must
have an irreducible character of degree 2. Suppose that |G(H∗)| = 2,
and H is of type (1, 2; 2, n2; 3, n3; . . . ). If n2 6= 0, by Theorems 2.2.1
and 2.4.2, there is a quotient Hopf algebra of dimension 2(2n2+1); thus
n2 = 3 by [NZ], and using 1.1 we find a contradiction. The possibilities
with n2 = 0 are the types (1, 2; 3, 2; 6, 1) and (1, 2; 3, 6): these cases are
seen to be impossible, after trying to decompose the product ψψ∗ into
irreducibles, where ψ is an irreducible character of degree 3.
In the case |G(H∗)| = 4, apart from the types listed in the lemma,
we have the following possibilities:
(1, 4; 2, 4; 6, 1), (1, 4; 2, 4; 3, 4), (1, 4; 3, 4; 4, 1), (1, 4; 4, 1; 6, 1).
In the first two cases, H has a quotient Hopf algebra of dimension
20, which is impossible. In the third case, H has four degree 1 repre-
sentations, four irreducible characters χ1, . . . , χ4 of degree 3, and one
irreducible character ψ of degree 4. Then we must have m(χi, ψ
2) =
m(χi, ψψ
∗) > 0 for some i; also, since G(H∗) must permute transitively
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the degree 3 characters under left or right multiplication and since
gψ = ψ, for all g ∈ G(H∗), then m(χi, ψ
2) > 0 for all i = 1, . . . , 4,
implying that m(ψ, χiψ) = m(χi, ψ
2) = 1 for all i = 1, . . . , 4. Thus
χ1ψ = ψ +
∑
imiχi, where mi are non-negative integers not all them
equal to zero. Again since ψg = ψ for all g, we find that mi 6= 0, for
all i = 1, . . . , 4. Taking degrees we find a contradiction. This discards
the type (1, 4; 3, 4; 4, 1).
The type (1, 4; 4, 1; 6, 1) is discarded as follows: let χ and ψ be the
unique irreducible characters of degrees 4 and 6, respectively. Write
χ2 =
∑
g∈G(H∗) g + nχ + mψ; thus m 6= 0, since this would give a
quotient Hopf algebra of dimension 20, which is not possible. Hence
m = 2, and since m = m(χ, ψχ), we have ψχ = 2χ + lψ. Taking
degrees we get a contradiction.
It is easy to see that |G(H∗)| = 14 is not possible. The rest of the
lemma follows from 1.1. 
Remark 13.1.2. (i) IfH is of type (1, 28; 2, 7), thenH is not simple,
by Corollary 1.4.3.
(ii) It follows from Proposition 2.1.3 that, except for the coalgebra
type (1, 7; 7, 1), H has a Hopf subalgebra of dimension 8.
(iii) By [N2], if G(H) ∩ Z(H) = 1 = G(H∗) ∩ Z(H∗), then G(H)
and G(H∗) are not both of order 8.
Lemma 13.1.3. Suppose that H is of type (1, 7; 7, 1) as a coalgebra.
Then H is not simple.
Proof. We may assume that H∗ is also of type (1, 7; 7, 1) as a
coalgebra; otherwise, there is a quotient Hopf algebra H → B, where
dimB = 8 and necessarily HcoB = kG(H) is a normal Hopf subalgebra.
Hence H = R#kG(H) is a biproduct, where dimR = 8 and moreover,
by Remark 3.2.7, R is cocommutative. Then the lemma follows from
Proposition 4.6.1. 
Lemma 13.1.4. Suppose that H is simple.
Then H = R#A, where A is a semisimple Hopf algebra of dimen-
sion 8 and R is a Yetter-Drinfeld Hopf algebra over A of dimension
7.
Proof. We may assume that H has a Hopf subalgebra A and a
Hopf algebra quotient q : H → B, such that dimA = dimB = 8.
Since dimHcoB = 7, we may assume that kG(H) ∩HcoB = k1. In
particular, the lemma follows in the case where A is cocommutative.
If A is not cocommutative, then A contains a unique 4-dimensional
simple coalgebra C of H . Note that C is not contained in HcoB since
G(H) ⊆ C2.
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If the restriction q|A : A→ B is an isomorphism, then we are done.
Otherwise, HcoB contains a 2-dimensional irreducible left coideal V of
A. But since HcoB cannot contain C, we must have HcoB∩A = k1⊕V .
This contradicts Lemma 1.3.4. The proof of the lemma is complete. 
13.2. Main result
In this section, we apply Lemma 13.1.4 to show that a semisimple
Hopf algebra of dimension 56 is not simple as a Hopf algebra.
Theorem 13.2.1. Let H be a semisimple Hopf algebra of dimension
56. Then H is not simple.
Proof. Suppose on the contrary that H is simple. Keep the nota-
tion in Lemma 13.1.4. After dualizing if necessary, we may assume that
|G(H)| = 4 (see Remark 13.1.2 (ii)); so that A is not cocommutative.
As a left coideal of H , R must be of one of the following types:
(1) k1⊕ V1 ⊕ V2 ⊕ V3, (2) k1⊕ V ⊕W,
where dimVj = 2 = dimV , for all j = 1, 2, 3, and dimW = 4. In
particular, the type (1, 4; 2, 1; 4, 3) is impossible.
Consider first the case (1). By Lemma 4.3.3 ρ(Vj) ⊆ kG(A) ⊗ Vj,
for all j; thus ρ(R) ⊆ kG(A) ⊗ R and therefore R#kG(A) is a Hopf
subalgebra of H . This implies that H is not simple, since G(A) has
index 2 in A.
Suppose finally that R is as in case (2). By Lemma 4.3.3 ρ(V ) ⊆
kG(A)⊗ V . Moreover, kG(A).V ⊆ V , since gV g−1 is a 2-dimensional
irreducible left coideal of H contained in R, for all g ∈ G(H).
By Proposition 4.2.1, V is an A-subcomodule subcoalgebra of R.
Then, by Lemma 4.3.1, B = k[V ]#kG(A) is a Hopf subalgebra of
H . Since dimB is divisible by 4 and dim k[V ] ≥ 3, we must have
dimB = 28 and kV = R. As before, we get that R#kG(A) is a Hopf
subalgebra of index 2 in H , and H is not simple. 
APPENDIX A
Drinfeld Double of H8
We shall denote by H8 the unique nontrivial 8-dimensional semisim-
ple Hopf algebra over k [KP, M4]. We shall use the notationD4 and Q
to indicate, respectively, the dihedral and quaternionic groups of order
8. For a Hopf algebra A, D(A) denotes the Drinfeld double of A.
By [M4] the only non-commutative semisimple Hopf algebras of
dimension 8 are H8, kD4 and kQ.
A.1. Structure of D(H8)
Tambara and Yamagami show in [TY] that the categories of repre-
sentations of these three Hopf algebras are not equivalent as monoidal
categories. The comparison of Schur indicators implies that the repre-
sentation theory ofH8 is in some sense closer to that of kD than to that
of kQ; see [Mo3]. On the other hand, note that H8 fits into an exact
sequence 1 → kΓ → H8 → kF → 1, where Γ ≃ Z2 × Z2 and F ≃ Z2,
such that the associated product group associated to the extension is
D4.
The main results in this appendix are the following:
Theorem A.1.1. (i) D(H8) fits into an abelian central extension
0→ kG → D(H8)→ kG→ 1,
where G = G(D(H8)
∗) ≃ Z2 × Z2 × Z2.
(ii) D(H8) is of type (1, 8; 2, 14) as an algebra, and as a coalgebra
it is of type (1, 16; 2, 8; 4, 1).
Theorem A.1.2. D(H8) has no quotient Hopf algebra isomorphic
to kQ.
Observe that since H8 admits quasitriangular structures [Su], then
D(H8) also has quotient Hopf algebras isomorphic to H8.
Remark A.1.3. Let G be a finite group. Then D(G) is a semidirect
product D(G) = kG ⋊ kG, with respect to the action comming from
the adjoint action of G on itself. Hence, the irreducible representations
of D(G), viewed as irreducible Yetter-Drinfeld modules over kG, are
classified by the modules Vg,ρ := kG ⊗ZG(g) ρ, where g runs over a
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system of representatives of the conjugacy classes in G and ρ runs over
the irreducible representations of the centralizer ZG(g).
This implies that if |G| = p3, p prime, then D(G) has exactly p3
one-dimensional representations and the remaining irreducible repre-
sentations are of dimension p; that is, D(G) is of type (1, p3; p, p(p3−1))
as an algebra.
In particular, the Drinfeld doubles of the three non-commutative 8-
dimensional semisimple Hopf algebras have the same algebra structure.
A.2. Proof of Theorem A.1.1
Let A be a finite-dimensional Hopf algebra and let g ∈ G(A), η ∈
G(A∗). Let Vg,η denote the vector space k1 endowed with the action
h.1 = η(h)1, h ∈ H , and the coaction 1 7→ g ⊗ 1.
By Lemma 1.6.1, the one-dimensional Yetter-Drinfeld modules over
A are exactly of the form Vg,η, where g ∈ G(A) and η ∈ G(A
∗) are such
that (η ⇀ h)g = g(h ↼ η), for all h ∈ A.
Note that if the condition (η ⇀ h)g = g(h ↼ η) holds for all h in a
set of generators of A, then it holds for all h ∈ A.
It turns out that the elements of the form η ⊗ g, where g and η
satisfy the condition in Lemma 1.6.1 are exactly the central group-like
elements in D(A) [R]. In particular, Vg,ǫ (respectively, V1,η) is a Yetter-
Drinfeld module if and only if g ∈ Z(A) (respectively, η ∈ Z(A∗)).
As in [M4], H8 can be presented by generators x, y, z with relations
x2 = y2 = 1,
xy = yx, zx = yz, zy = xz,
z2 =
1
2
(1 + x+ y − xy).
The coalgebra structure is determined by
∆(x) = x⊗ x, ∆(y) = y ⊗ y,
∆(z) =
1
2
((1 + y)⊗ 1 + (1− y)⊗ x) (z ⊗ z).
In particular, z ∈ H×8 , ǫ(z) = 1 and S(z) = z
−1. We have in
addition H8 ≃ H
∗
8 , G(H8) = {1, x, y, xy} ≃ Z2 × Z2, and G(H8) ∩
Z(H8) = {1, xy}.
Lemma A.2.1. Let g ∈ G(H8)\Z(H8) and η ∈ G(H
∗
8 )\Z(H
∗
8 ).
Then Vg,η is a Yetter-Drinfeld module of H8.
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This implies that D(H8) has exactly 8 distinct one-dimensional rep-
resentations. In other words, we have
(A.2.2) G(D(H8)
∗) = 〈xy ⊗ ǫ〉 ⊕ 〈1⊗ αβ〉 ⊕ 〈x⊗ α〉,
where G(H∗8 ) = {ǫ, α, β, αβ} and G(H
∗
8 ) ∩ Z(H
∗
8 ) = {ǫ, αβ}.
Proof. We shall show that if 1, xy 6= g, then every element η ∈
G(H∗8)\Z(H
∗
8 ) satisfies the condition in Lemma 1.6.1.
Notice that for any one-dimensional representation η : H8 → k
we must have η(x) = η(y), because of the relation zx = yz and the
fact that z ∈ H×8 . Moreover, if η is not central in H
∗
8 , then η(x) =
η(y) = −1: indeed, if η|G(H) = 1, then k〈η〉 = (H
∗
8 )
coG(H8) and thus
η ∈ Z(H∗8 ).
Also, it is enough to see that the condition in Lemma 1.6.1 is satis-
fied for h = z, since it is always satisfied for h = x, y and these generate
H8 as an algebra.
We compute
η ⇀ z = η(z2)z1 =
1
2
(1 + y + η(x)(1− y)) η(z)z,(A.2.3)
z ↼ η = η(z1)z2 =
1
2
(η(1 + y)1 + η(1− y)x) η(z)z.(A.2.4)
Replacing in this identities g = y, the condition (η ⇀ z)y = y(z ↼
η) is equivalent to the equation xy + x + η(x)(x − xy) = η(1 + y)y +
η(1− y)xy. This is always satisfied for η ∈ G(H∗8 )\Z(H
∗
8 ).
The argument for g = x is similar. 
Corollary A.2.5. G(D(H8)
∗) ≃ Z2 × Z2 × Z2.
Proof. We have |G(D(H8)
∗)| = 8 and G(D(H8)
∗) is isomorphic
to a subgroup of G(D(H8)) = G(H
∗
8 )×G(H8). 
Proof of Theorem A.1.1. (i) In virtue of [N, Corollary 2.3.2] and
Corollary A.2.5, there is a central extension
0 −−−→ kG
ι
−−−→ D(H8)
π
−−−→ K −−−→ 1,
where G ≃ G(D(H8)
∗) ≃ Z2 × Z2 × Z2, and the map ι is determined
by ι(g ⊗ η) = η ⊗ g. In particular, dimK = 8.
We have kG ≃ kG. Identify K with a Hopf subalgebra of D(H8)
∗.
Part (i) will be established if we show that G(K∗) = G. To see this,
we observe that a group-like element g ⊗ η belongs to G(K∗) exactly
when it is a one dimensional representation of D(H8) which factorizes
through K; that is, g ⊗ η belongs to G(K∗) if and only if
(A.2.6) 〈η, g′〉〈η′, g〉 = 1,
A.3. PROOF 111
for all group-like elements g′ ⊗ η′ ∈ G(D(H8)
∗). See [N, Corollary
2.3.2]. Finally, using the description of the elements in G(D(H8)
∗)
given in (A.2.2), one sees that G(K∗) = G, thus proving part (i).
(ii) As a coalgebra, D(H8) is a tensor product: D(H8) = (H
∗
8 )
cop⊗
H8. This proves the statement corresponding to the coalgebra struc-
ture.
Combining part (i) with the description in [KMM, Theorem 3.3]
(the action being trivial in our situation), we find that the simple
D(H8)-modules are of the form pg ⊗ V , where g ∈ G and V is an irre-
ducible kσgG-irreducible module, for some 2-cocycle σg : G×G→ k
×.
The dimensions of the irreducible kσgG-modules are either 1 or 2 (since
they divide the order of G and their square is less than 8). This finishes
the proof of (ii). 
A.3. Proof of Theorem A.1.2
Suppose that π : D(H8) → kM is a surjective Hopf algebra map,
whereM is a group of order 8. Then kM = π(H∗8 )π(H8) and dim π(H
∗
8)
and dim π(H8) divide 4 (because H8 ≃ H
∗
8 is not isomorphic to kM).
Then some of them, say π(H8) is of dimension 4. Then π(H8) ≃
Z2×Z2, since H
∗
8 has no Hopf subalgebra isomorphic to Z4. Therefore
M 6= Q. 
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